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i P ART II. 


ANALYTICAL TRIGONOMETRY, 


CHAPTER IL 
EXPONENTIAL AND LOGARITHMIC SERIES. 


- 1. In the following chapter we are about to obtain 

“san expansion in powers. of 2 for the expression a*, where 
‘both @ and « are real, and also to obtain an expansion for 
log,(1+«), where @ is real and less than unity, and ¢ 
stands for a quantity to be defined. 


| x2. To find the value of the reat [ + =) , when 


|, 


& 


” n becomes infinitely great and is real. 
-gSince < 1, we have, by the Binomial Theorem, 


Qo ron Leth termeeny. 
Fl ADA) ay 24-3 
dei " af a 2 


@- | This series is true for all values of n, however great. 
\ _ Make then n infinite and the right-hand side 





~ as ] oe eee 3 : 
: be ltigt gti ad inf. ...... (2). 
LT IL 1 
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nm 
Hence the limiting value, when 7 is infinite, of (1 + *) 


is the sum of the series 


11 
l+1+5+ stat: 


2B 
The sum of this series is always denoted by the 
quantity e. 
Hence we have 


..ad inf : 


Lt {1 a 
n=9 ( * =) _ * 
where Lt stands for “the limit when » =.” 


Cor. By putting n= - , it follows (since m is zero 


when nm is infinity) that 
1 l fh 
Lo(1 +m)" =Lt (1 + =) 4 
mm = ao 


3. This quantity e is finite. 


: 1 iL 1 
For since B <Z 3.9% 3 
1.1 i 
[a < 3.22 <3 
sds hae *RFFESTERPASET ASCO ED SOD 
ae aes dane ad inf. | 
<l+ jy 1 


<142; we. < 3. 
Aliso clearly e > 2. 


THE QUANTITY 4. 3 


Hence it lies between 2 and 3. 
By taking a sufficient number of terms in the series, it 
can be shewn that 


v ¢ = 2°7182818285.... 


4. The quantity ¢ is incommensurable. 


For, if possible, suppose it to be equal to a fraction Pe where p and q¢ 
are whole numbers. 
We have then 
P 1 1 1 1 1 
—=1 14— Ts nose TT. a + ——- + a abewas 1 a 
qu tet at Btn tt igri” g48 i 
Multiply this equation by |g, #0 that ail the terms of the series (1) 


i 
: , 4 
become integers except those commencing with —-.. Hence we have 


\g+1 
| fw. # 
, —— ao ee tee ‘fat 


mone cat aha Gamat ~ 


But the right-hand side of this equation ia > rot and 


1 l I 
<grit @aipt gaat 
1 1 
4.¢. la <~F+1~ 1-1 + 
te. is ee. 
g 


Henee the right-hand side of (2) lies between Fat and and ig there- 


fore a fraction and so cannot be equal to the left-hand side. ; 
Hence our supposition that ¢ waa oommengurabla ia incorrect and it 


; ae must be incommensurable. 


°" 6. Exponential Series. When x is real, to prove = 
that | * 


a gt . 
Came ig ig tt ae fs 


1—2 
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and that 
a*=-1-+ 2 log.a + 75 (loge)? + .. ad inf. 


When » is greater than unity, we have 


Goimeon 


1 4 Ra (ne — I) 1 | ne(ne— 1){(ne—2)1 
nt 1.2 1.2.3 n® 


6-3) e6-e-! 
: cz = To dy... 


In this expression make n infinitely great. The left- 
hand becomes, as in Art. 2, e”. 
The right-hand becomes 


=l+nze- 








rare alas 
“BB 
Hence we have 


% . @& eltx+i+ at ..ad inf, ..,...(1) 
Let @ =e, 80 that c=log,a. 
weal eony o” £o” 4c cud int, 


eae 
by substituting cw for x in the series (1). 
x* = é 
2. a%=1+xlog,a tia (log, a)?+ E (log, a)?+...ad inf. 
seasesbtsts (2). 


. 6. It oan be shewn (a8 in 0. Smith's Algebra, Art. 278) that the 
series (1), and therefore (2), of the last article is convergent for ell real 
_ values of #. 


EXPONENTIAL THEOREM. 5 


i 1 ; 
9, Bx. 1. Prove that 3(¢-3)= “145+ = +... ad inf. 
By equation (1) of Art. 5 we have, by putting z in succession equal 
e to land <= 1, 


1 1 1 .,~1 
sl z “ere . ad inf. 
F ii 1 
and et=1~- +h pet ac ad int 
Hence, by subtraction, 
il 
-ei= Let Rod 
o bihiast 
1 I , 
ie, 3 (e- )=1+ pat gt ad inf. 
Bx. 2. Find the sum of the series 
+2 14243 1424344 < 
1+—>7- + — + — .. aed inf, 
|2 3 4 
: 3 : 
1. (n+) 
The nth term os a --—— 
af ott 1 [owes ae 
slpaa* pa): 
provided that n > 2, 
Similarly 
the (n- nie temma [ies : 
= 2 
i the Srd I es 
an term ated) 


Also the 2nd term=1 sLt+ i i]: 


and the Ist torm=3 [ il: 
ai I 


vower 
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Hence, by ey ae the al her 


8. Logarithmic Series. To prove that, when y és 
real and numerically < 1, a 


log. (l+y)= =y-3y +4 5 Ty +...ad inf 


In the equation (2) of Art. 5, pub 
a=1+y, 
and we have 
(i+ yP=1 + elog, (1 +44 2 tloge(1 +y)P +... ..(1). 
But, since y is real and numerically < unity, we have 


(Qty talte.y +2 Oo) py 26 DEW a, 


The series on the right-hand side of (1) and (2) are 
equal to one another and both convergent, when y is 


* numerically <1. Also it could be shewn that the series 


on the right hand side of (2) is convergent when it is 


arranged in powers of wa Hence we may equate like 
powers of a. 


Thus we have | 
a (i+ y)= =y— + Fa m2 CIC » + DCICE) y 


+.,.ad inf, 
ie log (t+ 91-939" +3 y -Zy' +. .ad inf... a 


LOGARITHMIC SERIES. 7 


®. If y=1, the series (3) of the previous article is equal to 
1.1 i . 
ar a tae at ... ad inf, 
which ia known to be converyent. 


If y= —1, it equals -1-5 -;- 2: ad inf. which is known to be 


divergent. 
In addition therefore to being true for all values of y between - 1 and 


+1, itis true for the value y=1; it is not however true for the value 
y= = 1, 


10. Calculation of logarithms to base e. 
In the logarithmic series, if we put y= 1, we have 


1,14, 


log, 2= 1- 3 tg-gt . ad inf, . 6 | }. 
If we put y=5, 
we have 
loge 3 — log, 2 = loge = log, (a +5) 
BE AD a SE 
2-23 3° gt Hsestat 2) 
If we put y=5, 
we have ; 
Loot ci. 1 st. 


zi 3 I 1 
Be 8 Be 5) 3 = 3? 3° 307 4 : 3* 7 


seBsheseiedencess (3). 
From these equations we could, by taking a sufficient 
number of terms, calculate log, 2, log. 3, and log, 4. 
It would be found that a large number of terms would 
have to be taken to give the values of these logarithms to 


the required degree of accuracy, We shall therefore 
obtain more convenient series, 


o™ 


ts 
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“ 11. By Art. 8 we have 


1,1,1 
log, (1 +y)= ¥-5yY tay WEY ten sxenei Ly 
and, by changing the sign of y, 
1 1 1 
log, (1 — y) =— ae eee yr oes oas(2). 


In order that both these series may be true y must 
be numerically less than unity. 
By subtraction, we have 


1+ De ood 
log, (1+ y) — log, (1—y)=log. i> 2 ly tay 5u'...| 
7 Ptasorsccoseeel ays 





4 
(72 3 


“Tet y= 





The equation (3) becomes 


m {m—R\  L¢m—n\? 1 /m—n\? 
log. = 2 ==") +3(Ray) +3 (SS) tone foe) 

Put m =2,n=1 in (4) and we get log, 2. 

Put m=8, n=2 and we get log,3—log,2, and there- 
fore log; 3. = 

By proceeding in this way we get the value of the 
logarithm of any number to base e, 


12. Logarithms to base-10. The logarithms of 
the previous article, to base ¢, are called Napierian or 
natural logarithms, " 


- 


LOGARITHMS TO BASE 10, 9 


We can convert these logarithms into logarithms to 
base 10. 


For, by Art. 147 (Part I), we have, if ¥ be any number, 
log. NV = log, N x log, 10. 

*. logy V= log. Wx 10° 

Now log. 10 can be found as in the last article and 


then a is found to be :4342944819..., 
log, 10 


Hence logis NV = log, N x *43429448..., 


so that the logarithm of any number to base 10 is found 
by multiplying its logarithm to base ¢ by the quantity 
"43429448..., This quantity is called the Modulus, 


EXAMPLES, I. 
sss that 
_ £1.41 b- 
ilete = “itotats Et i 
1 


ibe Mb e ae 7 
3. (Et atpt~) =1+ (145+ Gt) ? 





2 3 4 é 2 4 6 bas 
4 1+-— rd Tr Veet =Fe is = vr = 
- Bt ett 2 ? 5. ee ae c 
1.1.1 : 
+e tatu 
6 24 (6 _e-l1 ? 
Dee og AEE 
[3 Br 
23 37 4* 


7, +t et ete. Py 
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Find oe of the series 


] : 
§. 1- or .. ad inf, e 
11té14i1ii214d21 ; 
8 5p tg pg gt dine 
Prove that 


a-b lfa-b\i 1 fa-b\§ ? 
10. — +5 (4) +3(>) +... =log,a- log, b. f 


1 
lk. log, j= (e+gate sats . ad int. ‘ 


8 
atl 1 .- 4... 9 : ; 
12. lowe 4 =2 (Ft gat gat - ad int.) ifz>1. 7 
13. log, (1+ 82 + 22%) = 82-22 4 92 _ Met ee 4 


AL) 
+(-1}*-! ay 27 + aay 4 
provided that 22 be not >1. 4 


14, 2log, 2 —- log, (2+.1) — log, (x - =a+ tanatgat— if e>1. 
15. ia hore wad inf. 

16. log.2- 5 = 7-3-5 mt gS. at a 

1%, tan 04 < tan? 0+ztan'O+,,.= 





18, it @be> = and <z, prove that 


2 
: 1, 1, . 
(1) sin O45 sin’ # +z sin’ #+.., ad inf, 
=2 cot + Foot? + booth + ... od int. |, 7 


and, if @ be >Q and < > prove that 


‘ 1 . . 1 . s 
(2) sain? @ +2 sint@ +; sinf +... ad inf. 
2 4 6 


=2[ tan? 5+ 5 tants + 5 tans +. ad int. | 





[Exs. 1] LOGARITOMS TO BASE 10 11 


19, If tan?¢<1, prove that 


tan?@—5 tant @+; tanto - 1. AG inf, 


=sin? 045 cine be sin? #+... ad inf. 
20, Prove that, if 2@ be not a multiple of x, 


: 


log cot = cos 26+5 


cos? 26 + 50088 20+... ad inf. 


91, Prove that the cocfiicient of "in the expansion of , . 
{log. (1-+2)}? we! 


. 2(-1)" 1 1 1 ra sg 
ig a [atgt ate +}. eer wee fis 


2%. Use the methods of Arts, 11 and 12 to prove that 
log, 2="30103... 
and logy93 = '477Q...« 


93, Draw the curve y=lop, 2. 

{If x be negative, 7 is imaginary ; when 2 is zero, y equals - ao; when 
x id Unity, y ia nothing; when x is positive and > 1, y ia alwaye positive ; 
when z ia infinity, y ia infinity also.] 


94, Draw the curve y=log,,< and state the geometrical relation 
between it and the ourve of the last example, 
[Use Art, 147, Paré I.] 


25, Draw the curve y= a”. 


13. The two following limits will be required in the 
next chapter but one. 


/14. To prove that the value of (cos =)", when n is 
infinile, is unity. 
b} 
We have cos = = (a — sin? “\ : 


a's (cos =)" = (1 = sin? “\ = [( — Rin? *) sk “| : zi ' 
n 7" nr 
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Now, by putting 
. 9 a 
—sin?— =m, 
 % 
we have 


be 1 


Lt {i —sin’ “ mS =Lt {i+ mj" =e, (Art. 2, Cor) 


Also, by Art. 228 (Part I), 
~ gin? & 
2 n 
- a\? 
610 xe at . 
” 


when 7 1s infinite, 
Hence, when n is infinite, 


| cos =| = a], 
n 


Aliter. This limit may also be found by using the 
logarithmic series, 


fi 
For, putting (cos =) =u, we have 


log, u =nlog, cos = =" log, cog? 
nm 2 a 


n gf 
= 6 loge (1-sin *) 
mm" (gina % 4 Lot a Let 
5(sint = + sin: +gainta+...). 


2 n 
(Art. 8.) 


TWO IMPORTANT LIMITING VALUES, 13 


The series inside the bracket hes between sin? and 
the series 
2g @ at 5 & ; 
sin yt sD 4 + on ater ad inf, 


te. lies between 














gin? a 
gin?= and = D 
” 1—sin?— 
via 
“6 ’ -,@ a 
¢.e, lies between sint— and tan?-, 
n 7 
Hence — log u lies between 
5 sin’= and 5 tan®= ie cacsuwawenee’ (1). 
But 
> ay? 
n ea n a? 
Lt = sin?— = Lt x = =1x0=90, 
a= @ 2 n=@ a 2n 
n 
and 
32 
n a sin F 1 a 
Lt =tan’— = Lt Ka Oe = 
us eal a eer On 1x1x0=0. 
n a 


(Art. 228, Part I.) 


Hence in the limit both quantities (1) become 0, so 
that log wu becomes zero also, and therefore, in the limit, 


u=1, 


care 
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» aya 
sin — 
15. Zo prove that the limiting value of | —|, 
a 
ee ee ae 
when n is infinite, is unity. 


We have shewn, in Art. 227 (Part I), that sin 6, @ and 
tan @ are in ascending order of magnitude, 


- aa a 
Hence sln—,-, and tan — 
n’n n 


are in ascending order, 





a 
! 
Hence 1, mae and ——. 
. a 
sin — Cos — 
nn " 
are in ascending order, 
a n 
n ° 1 m 
Therefore —- lies between 1 and , 80 
; a 
sin — COS — 
n R 


~- ay* 
sin — 


that — lies between 1 and (cos “)" 


n 


But, by the last article, the value of (cos <" is unity, 
when 7 18 infinite, 


Hence, when 2 is infinite, the value of | —_ 


is unity, 


r 


TWO IMPORTANT LIMITING VALUES. 15 


16. There is one point in Art. 2 that requires some cxamination, 


We ought to ahew rigidly that the value of the series on the right 
haud of (1) is equal, when x becomes indefinitely great, to the series (2). 


Take the (p + 1)th term of the series (1}, viz. 


1-0 (1-9) | 


i (1) 





When a, 4,¢.,,....are all positive quantitics and less than unity, we 
have 


{1—a) (1-b)=1-a~-b+ab>1-a-b, 
and {1-4} (1-3) (1-c}>(1-a—b) (l-c)>1l-a—b-e, 
and so on, so that 


(L—a) (1-5) L-e)......>1-(atodtet.... ). 


Hence the numerator of (1) lies between unity and 


te. between unity and 1? {p-) 


Therefore the quantity {1) es between 

1 1 1 1 

z- and -- -— ,_, 
[Pp |p 2a [p-2 
Henes the whole series (1) of Art. 2 lies between 


1 1 
14+1+ fa* BB -oo.., OG inf, 


ae 11 1 411 
and 14141 _ 1 mee 1 
od 1+ *\B zi) + € pa +( Aa 3)+ eoere ad inf, 


ae | 
i.@. B+itis+ig* oreee Od inf, 


_ 11 ; 
Qn (titit OG inf.) 
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1 oi 
Fy * NG i — —, tee j . i i ial + 
‘@.\ Row the series eT e" ad inf. is, as in Art. 6, convergent, 80 


that the quantity x G45 i + at is, when ” is made indefinitely 


great, ultimately equal to zero, 
Therefore, finally, the series (1) of Art, 2 is equal, in the limit, to 


oy 141+ ath jst at . ad inf. 


A similar argument will apply to the series in Art. 5, and also is 
those in Arta. 32 and 33. 


> of a ; a 
! , a . ¢ =, / : 
“? ; / ‘oom, 
a w rc Wy 
: aw 
mic yo ra 
“4 2 : 
? 3 
a 4 
————— a : 
=< wn i 


ee 


: wt — . ae 

+ (SIN a AND COS a EXPANDED IN A SERIES. 87 
‘14 Prove that the equation Lys 
sin 8@=asin d+boonG+e j an 


has siz roots and that the sum of the six values of @, which ee if, is 
eq an odd multiple of r radians. 
6A 1§. Prove that the equation yw 
ah seo @ — BK coses P= a* — }? 


has four roots, and that the sum of the four values of @, which satisfy it, 
i to an odd multiple of + radians. 






16.) If @,, 53, 8s be three values of @ which satisfy the miasticn 
tan 26=) tan (8+), 


and such that no two of them differ ipa multiple ‘of v; ahow that i 
6,+6@,+ 63+2 ig a multiple of x. 


mm, 


EXPANSIONS OF THE SINE AND COSINE OF AN ANGLE IN 
SERIES OF ASCENDING POWERS OF THE ANGLE, 


Ge As in Art. 27 we have \ 4 
. n(n—1) ; we 
ery ay =e 0 cos*~4 @ gin? @ 
AN a as ° 
+ BOI) 2) 8) ooo G aint B—.. 
Put n@ =a, and we have 
weno eee 
1 
a(6-1)(0-2)(§-3) 
p oe we cos*—* 8 gint § — 
= cost 9-2 E—9) cognag (By | . 


—@ 2 8 ‘ 
FBO coro (824 oY san sf 
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In equation (1) make @ indefinitely small, a remaining 
constant and therefore n becoming indefinitely great. : 


inf. . ist : 
Then — is, in the limit, equal to unity and so is 


every power of CS ). (Art, 15.) 
Also cos @ 1s, in the limit, equal to unity and so also is . 
every power of cos @, (Art, 14.) 


Hence (1) becomes 


a? at ae qa 
cosa=l-— all ia .ad in 
[Cf Art. 16.] 


Ee 33. To expand sin a in terms of a. 
” As in Art. 27, we have 


n(n—1)(n—2) 
1.2.3 


As before put n@ =a, and we have 


a6-1)(5-2) 


sin 2@ =n cos” @ sin 8 — cos®—*@ sin? + 14 





sin a=, cos" 8 sin 6 — or cos" 8 sin? 9 
HE Y6-) 6-9) 6-9) paises. 
= cera (S808) _ 20-020) ag (iD, 


As in the last article make 6 indefinitely small, wa 
a finite, and we have 


+e . 
sina =a— roe .ad inf. oa 
is "Es “E [Cf Art, 16.]°. 


it 
oA 
is j 


is TAN @ EXPANDED IN A SERIES, 39 


\/ 84. There is no series, proceeding according to a 
simple law, for the expansion of tan@ in terms of 6, 
similar to those of Arts, $2 and 33. 

We shall find the series for tan @ as far as the term 
involving @ 





J 
@—— 4+ me 
se ei pctine |3_—|a 
o oes Boge a 
_ tat 


by the Binomial Theorem, 


6 oO eB 
=(9-Gt+i59--) [2 +o-ge tte]: 


neglecting and higher powers of @, 


ao  & @ 5 
=(°-§ ti ~) (1 +Stao) 


pe @. 8 «3 
as ie 


on reduction and neglecting powers of @ above 4°. 

A similar method would give the series for tan @ to 
as Inany terms as we please. The method however soon 
becomes very cumbrous and troublesome. 


$5. In Arts. 32 and 33 we tacitly assumed that a 
was equal to the number of radians in the angle con- 
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sing, ; 


sidered, For, unless this be the case, the limit of Bis 





not unity when @ ig made indefinitely small, 


When the angle is expressed in degrees we proceed as 4 
follows, 


Let «° = radians, so that _ 


<= 
180 sr? 
Tr . 
and hence @ 2 a Ot 
Then cos a° = cos a* : 
a? gt gf 
=T— Bt ia ign . 
_1 we ot ge d inf { 
[2 180" * [4 180+ ~ 76 1808 F “80 | 
So also 
sina? =sinat =e 24% 


Bb 
ma Il /aa\? laa : 
180 ~ (io) +75 (igo) —-- ad inf. 


“136, Sines and cosines of small angles. The 
series of Arts. 32 and 33 may be used to find the sincs 
and cosines of small angles. 


—_ 


For example, let us find the values of sin 10” and 
cos 10”, 


: a ] v ; 
Since 10” = (sx x im) radians 


=(¢a500): 





SINES AND OOSINES OF SMALL ANGLES. 41 


we have 


in 10” = 5 — 5 (gan +B 5 = 
an = gas00~ js (aa800 [5 \64800/ ~ *"* 


n 1 wv \8 1 7 )- 
and cos 10” = 1] - 15 (eaa00) “f+ id (rom weei 
Now aas00 = ‘000048481368..., 


4 
(sams) = -0000000023504..., 


a 
and (sano) = 000000000000113928.... 


Hence, to twelve places of decimals, we have 


sin 10” = 000048481368, 


and cos 10” = 1 — 000000028504 
= 1 ~— ‘000000001175 
== ‘999999998895. 


J 37. Approximate value of the root of an 
equation. The series of Art. 33 may also be used to 
find an approximate value of the root of an equation. 
The method will be best shewn by examples. 


in@ 1349 
Bx. 1, y= =a50. Prove that the angle @ is very nearly equal to 





7" Y 
ist" radian, 


_ We Imow that, the emaller 9 is, the more neariy is ae equal to 
Unity. Conversely in our casa we seo that @ is small. 


- 
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In the series for sin @ (Art. 33) let ua omit the powers of # above the 


third, and we have \ 
63 : } 
6- : 
|S 1849 ae 
@ 1330 1850° 
6 1 
* 2 
“ P= T= 506° 


Hence 6= us , 80 that the angie is iz of a radian nearly. 


If we desire a nearer approximation, we take the series for sin 6 and 
omit powers above the 5th. We then have 


Ps 
el eae 
“~~ 1850° 
- 120 20 
a =~+ == +, 
This gives g* — 2097 i350 593° 


Henoe, by solving, 
af S0180 150 — 149°933312... 066688 
#=10+° —— ‘eon = 
3 salah: 
15° 


gq t00016 


15 
This differs from the first approximation by about ——— wt th part. 


radian. 





Hx. 2. Solve approximately the equation ss 


cos G + e) =-49, 


Since -49 is very nearly equal to z which is the value of oon 5, it 


follows that @ muat be small. . 
The equation may be written 
| 1 | re: ae : 
2 aos @ — “> 61m é= 49=5 _ JOH retterserttes secre )- 
For a first approximation omit squares and higher powers of @. By 
Art, 33 this equation then becomes 


1 3 1 i 
g°1- 9 -°=3- t00° 
ee 
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so that 
2 1 2/3 _ 34641... 3 dj 
e= Js 100 = 300 = ~ 800 *011547... radian. 
For a still nearer approximation, omié cubes and higher powers of @. 
The equation {1) then becomes 


1/,_8\ v3, 2 _ 1 
3\°" 23/7 2 °"37 60° 
4 
Lr - + 2.,/38= 99: 


oo Gs —Jf3+ v1 304 _ on 15086... radian. 


The first approximation is therefore correct to 4 places of decimals. 


The angle 6 is therefore very nearly equal to ‘0115 radian, i.e. to 
about 40’, 


The accurate answer is found, from the tables, to be °0115075... 
radian. 


38. Evaluation of quantities apparently inde- 
terminate. We often have to obtain the value of quan- 
tities which are apparently indeterminate. 

Suppose we required the value of the expression 


3 sin 6 — sin 39 


@ (cos 8 — cos 30)’ 
when @ is zero. 


If we substitute the value 0 for 6, we have 
0-0 
0 x 0’ 
which is apparently indeterminate. 
The expression however, for all values of @, 


_ 28 O—(Ssind—Agint'?@) _ 4sin'é 
@ {cos 8 — (4.cos*9— 3 cos @)} 8 [4 cos 6 — 4 cos? A} 
— ___sin'é sin 6 1 sin 8 





Goo O sin’ ~ 8 cosd~ cosO * O 
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Now, the smaller @ is, the more nearly do both 


1 F sin @ . 

cos 8 N° 9 
approach to unity. Hence, when 6 approaches the limit 
zero, the given expression approaches the limit 1 x 1, Le. 1. 
Such an expression as the one we have discussed is 
said to be indeterminate. We should more properly say 


that the expression is “at first sight” indeterminate. 





39. In many casea the real value is very easily 
found by using the series for sin 6 and cos @. The method 
is shewn in the following examples, of the first of which 
the example in the preceding article is a particular case. 


Bx. 1. Find the value of 
n sing —sinné 


—____—_—_—,, when 8 is zero. 
8 (cos @ — cos 78) 


The expression 


(Ct ic a ee) 








a a ge — a © 054 higher powers of @ 


nt—l 


= ate) 
o("F L pa “TE Mt higher powers of @| 





wen nom 


oe #9+ higher powers 
Bo iE gher po 


=“_-1 n-1 4 
— a” #4 higher Coieees: 


When 6 is zero, this expression — 
\ 


~~ BB 8 


nt-n n?-1l in 








a 


f 


* 
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Ex. 2. Find the value, when a is sero, of the expression 
cosx ~ log,(1+2)+sinz—1 


e* —(1+2) 
. 1 1 Lig 
_ Binea log, (ta)=e—-5 +5 a8—ie a 
a ot etl 
and aia +77 --- (Arts. 5 and 8), 
a+ th 


this expression 
zt gt I 1 x gf 
(1-F+ iE) - (2-5245 2...) + (= [5 + 5) -1 
= 2 
pa B + ~) -(1+2) 


~ Fp t higher Powersofae pt Powers of x 
= — 





A= powera of « yy t Powers of 
When z is zero, this latter expression 
0 
z= =(, 


re Find the value, when 2x ts fero,of =. 
1 
(= s 
Ps ) : 
When # is zero, this expression is of the form (G) - 
etey..\3 ty 

Bat it also = Semi Teo (Art. 84), 
Now, by Art. 2, Cor., the value of 


je 5 o 
(1+9) . 
is ¢, when z is zero, 


Hence the expression med set = 1, 


The value of the expression may be wlso found by finding the value of 
ite logarithm, 


ORE 
wer 
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EXAMPLES. VY, 


sing 1013 ’ 
1, Tf “9 = Told’ : 
prove that @ is the number of radians in 4° 24’ nearly, 
sind 863 
2. 1 oe = 864" 
prove that @ is equal to 4° 47’ nearly. oat Ps 
sind 6048 - - ow 
ca ~¢ —sote* =. Of 


prove that the angle @ ia 1° 58’ nearly. 


Poe 


ving 2165-5 ‘> 2” 


4, if @ ~ 21667 ~ 
prove that @ is equal to 3° 1’ nearly. ; 
sin? 19493. 
5. Tf @ 19494” 
prove that @ is equal to 1° nearly. 
. i 
# 6. if tan @ = i6 > 


find an approximate value for 8. 


Find the value, when z is zero, of the expressions 





7. a 8. icosma’ 9 sinbs” | * 
aq tanz—sing tan 22 — 2 sin 2 + versin az 
6 eee 5c +11, —————— 12. versin be" 
13 meing— sinme - 14 @ ain ax — b* sin bx 
*  m (cosa c — 608 ma) * Mtanas—attanbe” 
b? ain? ax — a4 sin? bx x log, (l +2) 
+ 1. ittantae— a tantbe’ 16. —Troose * ae “4 
e*— 1+ log,{1 — x) 18 z+2sinag-ainds re 
: —-- jf $<» aie 
phh sin? x * . se «+ tan 2— tan Qe. 5} 


sin 2+ ain br —- Tx eo ain ng — pin? mz 
19, a“ . 20. 1-08 pz 


“rhe: 





[Exs. V.} INDETERMINATE EXPRESSIONS. 47 





lfsing ¢#-e7 sin? ,/mnz ~sinmer sin nz 
» al. Lz 3 a 2| +» 22. (1 —cos mt} (1 -eoy sr) * 
3 ein x - sin 3x 


23. 





t : gm sin x 
x 3 
(sin x-%sin 5) +(1- os rj} 
24, x 4 ’ 
Bin z ain 27 -Scosz sin? 5 =3 gin’ gs 

: . 2 
aif a* — p* tan 2\™* 

25. -—>-. 26. (72") : 


= 
z 32\ * 
27, (cos a réio 9) : 
Find the value, when x equals 3 of 


98 (cos x + sin 22+ cop 32)? 
“(sing + 2cos 22 - sin 5x)8" 


£29, (sin x), 30. seor—tan x 
¥ind the value, when x ia infinite, of 
31. (ces z)*. 32. (c0s 2)". 33. (cos ae af 


a 


a4, If n be >Land O=s nearly, prove that (sin 8)" is very nearly 
! equal to 
ms (n—1)+ (n+ I) sing 
(n+1)+(n—- 1) sin 6* 
35, In the limit, when §=a, prove that 
asin §-SBina_ 2 
acoap-fcaa = Bona =D (a —tan— 4}, 


i i fiom that 
, : Z 
4tan=! 5 - j=tan~ 


and deduce that in a triangle ABC, in which C is a right ancle and C4 is 
ae times CB, the angle 4 exceeds the eighth part of a right angle Ly 
3° 36”, correct to the nesrost second. 


1t 
239’ 


: a A 


Nv 


4:8 TRIGONOMETRY. [Exs. V.] ~ 


37, Find @ and } so that the expression asin 2+bsin 2x may be ag 
close an approximation as poasible to the number of radiang in the angle ~ 
z, when + is small. = 


-— 


pe 


38. Ify=2-esin «, where ¢ is very small, prove that 


y_ z " 
tan F=tan 5 (1-ebetsin’ 5) ~y 
and that “ : : ok 
-= fe 2 Y ie 
tan 5=tan § (1tete cos ye i 
where powers of e above the second are neglected. gee: 
39, If in the equation sin (w~-@)=sin wcosa, @ be very small, » prove r 
that its approximate value is ~. 
2 tan w sin? (1 — tan® w sin? =}. Ima 
- 40, If ¢ be known by means of sin ¢ to be an angle not > 15°, prove _, 
that its value differs from the fraction ~ 
28 sin 24-+-sin 4p i 5 
12 (3+ 2003 2p) ee 
by less than the number of radiana in 1’, 
oe sad * 
H 40. Ex, Prove that the roots of the equation 7 
aa = 823 — 47% _ de l= FET ETP TSOC STO SENT ECT EE SES GOD 1 
; ~y Je nee ( a) 
ar ix 
are “s cos X, coe SF, and on™, . 
x 3a br 1 
— _—— = = a een ehasenaan tae abaane 2 
pen fase C08 F + cos “7 + C08 T= 5.- (2) 
ee 1 
os c Ss cos = cos SF + coe con = + cos cos tee Re ee (3) 
BL s 3" br 1 
—_ _ —— oie Tay Tre TT TT) ht td 4 2 
” and cos = cos = 608 = = (4) 
ie os First Method. Let y=cos é+ésin 6, where @ has either of the values 
v x 30 be | Oe ile lee a 
% ee ee 7° A aalk 
; ae 
Then y’=cos 7é+i sin 7@= =1, v 2 
te, (y+) (y8-ytyt-y+y-yt+)=0. \ 
Now the root y= — 1 corresponds to the value §=-z. Sa ‘ 
i ILA, yo 4 } { 
. ‘ \ ai : oy . “4 P * 3 “4 i Fi 
Ce Mg ety. EGE” ae wb 


f= 2 x +3 
‘ Fy he ees ae oe re wo 


8; 


+ 


é 


EXAMPLES. 


The roote of the equation 
yi — yt yt yFt yt—yt1lHO oes 
are therefore coos @+-isin @, where @ has either of the values 


49 


eo enenas (5) 


w Se br On, Ile or 13" 
i ae Melee a Mne aa 7 
2 ] s.¢ F] 1 
, Put Pe ge eee * cos Ohi ain} 
=0608 $+ sin é+cos@-1 sin @=2 cos @, 
a 
so that v+5=(y+2) - 9x 422-9, 
1 1 1\? : 
and tan ( +=) ( +5) -s} = 8r*- 6z. 
y* ¥? ¥ y ¥ ¥ 


On dividing equation A by y° it becomes 


1 
w+ - (v +3) +(v45)- 1=0¢ 









£.é. azs — 47). 47+1=0........, on euers (6). 
The roots of this equation are 
By iw ox lir 137 
cos 5» con =F, con, C08 eos —— 7 and oo ° 
. 13" . lly 3x 
Bince 008 = 008 5 , 908 rs y, 
Qor iw 
d = ae 
an 008 7 oo 7? 
the roots of (8) are therefore 
. x By 
| cOB O08 and cos—-, 
Wea then have 
r iy 4 1 
OOB 7 F008 +008 eae, 
3m: br Tg 5x wr -4 1 
e085 OB —7 + cos 7 cos i eee Bae! es —3 
3x br 1 
and il eee aa 
ae Be ace ct cos 7 G08 7 5° 
‘ od. The equation 
fone aA pale f {eos O+i sin éy= -1., 2-O Oneness am ter = (7), 
fe. con 784+ isin 7e= — 1 
iT, i. 


4 
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is clearly satisfied when @ bas either of the values 
w Sr or Qe Ilr 18 
q 4 “7? a? ®, 7? “gq and _ ses tevnenacases (8). 
Writing ¢ for cos # and « for sin @, the equation (7), on being 6x- 
panded by the Binomial Theorem, becomes 
cf + JicSs — Dede — B5ichs? + Bhc%s* + Blicks® — Toei — is? = —1, 
Equating the real parte on each side, we have 
e? — 2ichs? 4 35384 — Poa? = ~ 1, 
Putting s2=1 -¢?, we ses that the cosine of each of the angles (8} 
satisfies the equation 
64c? — 112¢5 + 56¢3 — Te + 1 = Oo cveeseces seuveurane (9), 


te. (e+ 1) {808 m dc ~ dot 120 .. evensseneesoeess (LO). 
But 
_ l3x_ ee liv ae or oe 
cos r= -—1, cos 7 = 0087, 008 —- =cos—- and cos 7 TOO 


so that the roots of (10) are —1 and 008 5 ’ cos = 


latter three being twice repeated. 


Hence cog zs cos a and aos * are the roota of the equation 


8c? — de? - de + 1=0, 
But thia is equation (6). 
The equation (9) may also be obtained by putting n=7 in equation {2) 
of Art. 49, which is in the next chapter. 


“@hird Method, When only a small number of angles are introduced . 


\ he equation (6) may be easily obtained without using imaginary quan- 
tities. 
Let @ denote any of the angles (8). 
Then 7@=an odd rnultiple of z.. 
2. Gos 40 = — cos 30, 
ic, if cos @=c, we have 
2 {2e9_ 1}8_ 1= — {4c5— 3c}, 


te, Sct — 8c9 + 1 = Se — dc, 
t.€. Bet + 403 — 8c7 — 86 +-1=0, 
i. {e+ 4} (8c — 4e9-— 4e 41) =0. 


>» aud cos os. the © 
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Henea as in the Second Method the roots of 
8e3 — 4e3 -— de +1 =0 
Sw 


are cons, vos, and cos =, 


4], From the ae article we can obtain an equation giving 


sect , and eso? . 


secs 7 


_ In equation (6) of that article put oy and therefore z= — 


ip 


then follows that the quantities 


oar 5 
Bea? , Bee and sec? 
are the roota of the equation 


1 4 4 
&8—= _ =_ —=+1=0, 
yyy ly 
or, on rationalizing, 
y* — 24y2+ 80y =f 64=0 tv 8ea. PEPE TEC RHO BEd Eee (1). 


_ Again, putting y=1+2, then, since sect @= 1+ tan*?, it follows that 
ir 


tan? tan? 7? and tan? — F 
are the roots of the equation 
(1+4£)®— 24 (1+2)9+ 80 (142)-64=0, 
ie. #7 — 21294 352 — FHO oo ec cee ccs eeuee sesceee (2). 
The equation (2) may be easily obtained directly. 
For, if @ stand for either of the angles 
= 29 O69 4a be 6 
| TOT 7’ 7 7 7 mde, 
then tan 7¢=0, 
te, by Art. 30, 
F—7C,. P4+70,. 8 -70,07 =O, 


or 7-214 358—7¢=0, © 
i.e. t {i — 21 et 4 3527 _ 7}=0 tC aT EOE Re eRe ees Den {3). 
Bat 
Gr bw Qr 4or 3 
ta —= =—"— = — = = — all 
ne=0, tan ~; tan 5, tan = tan 7 and tan “7 = — ton =. 


4-2 
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TRIGONOMETRY. 
The roots of (3) are therefore 


0, + tan 7, tant and iiten 
z, the quantities 


*, and tant 2 


Henee, putting t?= 


tan? = 7? tan? 


are the roots of (2). 









i 
EXAMPLES. VL\/—(¢ i 
1, Prove that . : 
=- 2eos-Z ) (- 2 cos z) (2- 2008 ) («- 2 cos 
(sa ( 
a, =r +2273 - 2? -22+1. as FJ 
Lie Prove that the roots of the equation : 
xt 823+ 421-42 —1=0 are cos = » COB and cos 7: 
ae ‘ ae ie 
. us . 
x 3, Prove that sin 7» sin a and sin — 7 are the roots oF the equation 
ae y V7 ga VT =0 0. ‘i 
Prove that 
; 1 1 1 
K ’ 4- ee ae eee . 
7 7 7 Pi 
2er 3a ,47 _ 19 
a7 P Saal P ete] jos Bek AN 
w +45, io 5 + 00s > t cont a Té 
sg 3x wee 
_- ~§,-sect — + see = + sect > “+ pect 4m 1120. ' ‘ 
a _—- iB, eet 5 + 6 9 9 a o } . 
; 30 ie Wr 9r_1 ) 
AME 08 Tit 08 +7 + cos jit °8§ W=3° EE 4 
Form the equation whose roots are 
. 
a . “9 927 3a 240 5a _* * 
: 6 tan ii’ tan ii’ tan? it’ tan* li and tan? — ti’ 
“az \ (Commence with equation (3) of Art. 30.] 
—— ng 
& 


(Exs. VI.] EXAMPLES, _ 58 


at 


Prove that | 


{ 5 
ae ‘bot? = | + oot? ae + cot? x +cot? H + cot? = “ee ee 


wt 423 937 
10, sec? ti + 80" 7 + sec? ay t+ aec? z 


187/13 -1 


ee ee 
l4r 229 —/13-1 


ig ye 


llr 13r 1 
Ts * +003 2" =-- 


7 + sec? iT =60, ——— 


Qa bier 
ll. cos 8 75 + cos =o iB 


, Lom 
12. Sy t cos, 
13 od cos = = Tg + 008 == 
. 08 55 


14. Prove that sin a is @ root of the equation 


642° — 80x*+ 2477_1=0, —— 
. = ———— 5 
— ——— —~~.--- 


€ 
s 





ae ee 
—t 
wl oe? 


CHAPTER IV, 


EXPANSIONS OF SINES AND COSINES OF MULTIPLE ANGLES, 
AND OF POWERS OF SINES AND COSINES, 


(On « first reading of the subject the student is recommended 
to omit from the beginning of Art. 48 to the end of the chapter.) 

42. In this chapter we shall shew how to expand 
powers of cosines and sines of an angle in terms of cosines 
and sines of multiples of that angle, and also how to 
express cosines and sines of multiple angles in terms of 
powers of cosines and sines, 


Throughout the chapter n denotes a positive juteger 


arta Let «= cos ? +7 sin 6, so that 
1 1 cos @—7 sin @. 


= = > = = 008 8 ~ 4 in 6. 
z cos@+tsin@ cos?@+sin? 


Hence a+ = = 2 cos 6, 
1 uk 
and a@--—= 2 sin 
z a 
Also, by De Moivre’s Theorem, we have 
a” = cos nf +2 sin né, . 
and . = C08 nO —¢ sin nO, 
} 
so that he eee 
and | a Pi 23 sin nf, 


EXPANSION OF SIN” @. Tm . 57 


Case I. Let 2 be even, so that the last telm in nthe te 











expansion is | : we 7 
+5, and i =(— 1, os 
| The equation (1) is therefore 
2"(—-1) sin" 6 =a" — na", =p BOD ges Sein 
| OOD oD ane th. 
“(er )-afere da) GY (mr dy 


wetter 


= 2,cosn?—n,2 cos (n— 294.20). 


as in Art. 44, 


n 
". 2? (— 1) sin* 8 = cos nb — n cos (n — 2) 6 


n(n—1) 


he “Ts 00s (n—4)0— .,. 2.8). 


Since n is even, there are an odd number of terms in 
(2), so that there will be a middle term which does not 
contain @. This: term, on being divided by 2, will be the 
last term in equation (3). 


1 oo |e 
This Jast tarm could easily be shewn to be 3-1)? | a 


Case II. Let 2 be odd, so that the last term in the 
expansion (1) will be 

1 | = 

= and =i. il = 4 (— 1) 2. 
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The equation (1) then becomes 


a-1 

— . 1 n(n—-1) 1 
ta) _ 2 = 7 -_ —~____+ _— 
2°.¢.(—1) 2 .sn"™O=e nar = + 7 an, 
n(n—1) 1 1 1 

gaia Tg) * gpa ta 

1 1 n(n—1) 1 
=(— 5) -n(art— oo) + 957 (et - a) 
easuse svarounaast Ok 


Now, by Art. 48, 2 — ” = isin nG, 
a 


gia ©, = Di sin (n— 2) 6, 


Sree aRteheerea 4 


Hence (4) becomes 
n—-1 


27.¢.(—1) ® sin*@ = Qisin nf —n. 2isin(n—2)¢ 
Pious se ey me hy: eee 





1.2 
nol 
so that 271 (—1) * sin™é@ 
=sinn?—nsin (n— 2) 0+ 2G sin (n — 4) O— weseee 


Since 2 is in this case odd, there are an even number 
of terms in (4), so that (4) can be divided into pairs of ' 
terms, and there is no middle term, The last term in (5) 
therefore contains sin @, 


This last term could easily be shewn to be (- yr =r 


47. ie 1. Expand sin® 0 in a series of cosines of multiples of 9. 


We have 25 46 gins mae ) 


EXPANSION OF SIN® @, 59 


‘eo that -2sinto= (2+ 2) -6(at+3) +15(21+3) - 20 


=2 cos 60-6 .2 cos 42 +15. 2008 26 - 20, 
= =—2 ain’ = cos 66 — 6 cos 48 +15 aos 24-10. 


Bx. 2. Expand sin’ ¢ in a series of sines af multiples of 0. 
7 
We have 2? i sin? @= (« = +) 


1 1 
=z’ — 7x54 212' —352+35. so 8t. 547. z -5 


~(0-4)-1(a1-3) +21(2-3)-35(e-2). 
& ~2 .é. sin’ @=2i agin 78-7. 2isindé@+291 . 2i sin 39 — 35. 2i sin 6. 
* —2¢ein? @=sin 76 —7 sin 57 4-21 sin 30 — 85 sin @. 


‘Bx. 3. Expand cos 0 sin’? @ in a series of sines of multiples of 6, 
We have 


1\5 1\? 
2 cost 9=( 2 +=) » and a7 sint 0= (2 ~ 2) . 
é 14 1\2 
Hence 2. cost 6 sin? 6= (a? =) (2-3) 


= She a [e-2+5] 
—{g2_ 7 --;)- 1 1 
ra za) - 2{ a= a(a-3 +10 (28-5) 


+6 (#-3 — 20 (2-3) ; 
Hence, as before, we have 


— 2" cos! @ sin’ @=sin 129 ~ 2 sin 109 — 4 sin 89+10 sin 62 +5 sin 4@ 
— 20 sin 28, 


EXAMPLES. VIL 
Prove that 


1 sint =, [ein 60 - ~ 5 sin 36+ 10 gin a], 


2, con® é=a [cos 984-9 cos 78+ 36 cos 59 +. 64008 36 +126 cos 2). 
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3. cos b= 


i 
é13 (cos 106 + 10 cos 86+ 45 cos 67 +120 cos 4¢ + 210 cos 28 + 126]. 


1 


4, sin? O= jog loos 8@ — 8 cos 68 + 28 cos 46 ~ 56 cos 20 +85). 


sin® = 955 [sin 9¢ — 9 sin 76 + 36 sin 5@ — 84 sin 39+ 126 sin 6), 


2° sin* @ cos?9 =cag 6 ~ 2 cos 48 — cos 26 +2. 
2 gin? @ cos?é=ain 7@ — 3 sin 5¢+ sin 3645 58in 6. 


— 2)9 gin? # cos® @= gin 110+ 5 gin 99+7 Bin 76-5 sin 58 - 22 sin 39 
-—14 agin 0. 


OI om 


a sinné , 
*%*48, To express sing tt & series of descending 


powers of cos 0. 
If « be <1, we have 
er @+ asin 24+ 2’ sin 304+... 
+a" sin nO +... ad inf ........(1) 


This may be shewn by multiplying each side by 
. 1 — 22 cos 8 4+ 2’, 
when it will be found that the right-hand member will 
reduce to sin 6. 
A more rigorous proof will be found in Chap, VIII. 
Equating coefficients of 2*— in (1), we have 
sin né 


<7 a coefficient of a in [1 — 22 cos 8+ 2*]7 
= coefficient of a in [1 —a@ (2 cos @ —z)]> 
= coeflicient of #?—* in 

1+ @(2 cos 6 — #)+ 27 (2 cos 8 — a#)?+ ....0 
+ 2* (2 cos 6 — x)? + a (2 cos G — @)** 


+a" (2 cos 0 — x)" + a" (2 cos 8 — a)? + 1.0444 (2). 
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Now coefficient of 
a" in x (2 cos 8 — x)" = (2 cos 6)", 

coefficient of a in "#2. cos @ ~ x)" 

= coefficient of @ in (2 cos @ — az)" 
= — (n— 2) (2 cos O)"-*, 

coefficient of ain = .a"-* (2 cos 9 — x)"- 
= coefficient of a in (2 cos 6 —x)-* 

oJ Coat) 8) @ ~ #) (2 cos @)-*, 


and so on, 


Hence, from (2), picking out in this manner all the 
coeficients of 2, we have 


mn (2 cos 6)" — (n ~ 2) (2 cos @)-* 


+2-9@—# 8) (n— 4) (2 cos @)r 


eae (n — 6) 


7 (2 cos O)"7 + 00... 


n-1 
If x be odd, the laat term could be proved to be (-1) * ; if be even, 
it could be shewn to be (~ 1)? (naoa 6). 
**49. To express cosnO in a series of descending 
powers of cos @. 


If « be <1, we have 


1—2 
Jj— Ty ae TG + 20 C028 +20" con 26 4+ 229 cos 96 +... 


-- + 22" cos nO +... ad inf, ...... (1). 
This may be ee by riultiplying both sides by 
1 — 2¢ cos 6 + 2, 
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when it will be found that all the terms on the right-hand 
side will reduce to 1 — a. | 

A more rigorous proof will be found in Chap. VIII. 


Equating coefficients of «* on the two sides of (1), we 
have ; 


2 cos n@ = coefficient of a” in (1 — 2*) [1 — 22 cos 8 +2*]7 
= coefficient of 2" — coefficient of 2 in 
[1 —@(2 cos @—2)}? 
= coefficient of 2” — coefficient of 2** in 
1+ @(2 cos 0 — x) +a9(2 cos @— a)" +... 
woe + 2 (2 cos 8 — &)" 4 + "(2 cos 8 — x) 
+ 2° (2 cos @— z+ 24 (2cos P~xyr'4+.,.., 


Picking out the required coefficients as in the last 
article, starting with the term 


a” (2 cos 6 — a)", 
we have 2cosn@ 


= (2 cos 0)" —(n ~1) (2 cos 8)*-7 + Gr Ae-8) (2cos #)** 
a (or 8) ae 8) (2 cos @)"-*-+ ...000 
- [ cos @)""7 — (n — 3) (2 cos @)"~* 
2-9 Ee cos Gy" — ai 
—(2cos 0)"—n(2cos 8)? + [enpe= +(n-8) | (2cosé)"~* 
—3)(n— 4)(@—5) | @—- 4H) (n—5) 
as hens 3 ce + Ca DE —*) (2e0s6y+ nseg 


\ 
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- 80 that, finally, 
2 cos nO = (2 cos 6)* — n(2 cos Gyr—a g (2 ~3) 


1.2 
= ae 2Or®) (2 cos @)"* +... ..4..(2). 


The last term could he shewn to be 
a1 n 
(-1) * .n. (20084) or (~1)7.2, 
according ag n ig odd or even. 


(2 cos @)"—~ 


— **50. To expand = wm a series of ascending 
powers of cos @. 
As in Art. 48, we have 


smne = coefficient of 2*— in [1 — 22 cos 6+ a) 


= coefficient of 2” in [1 +a (a —2 cos @)}> 
= coefficient of 2"— in 
1~—a (@—2cos 0) + 2° (x —2 cos Oy —.,.,.. 
reeves +(— 1)" 2 (@ — 2003 OY 4... (1). 
Case I. Let 2 be odd, so that (x — 1) is even. 


The lowest term in (1) which gives any coefficient of 
2" is then that for which , 





patrl 
a * 
Hence, in this case, 
sin né : ‘ 
sn @ 7 Coetiicient of a in 1 ~ 2 (z—2 cos 6) +... 
n-t n-l n~1 ntl ntl ati 
+(-1)* &* (@—2c080) * +(-1) 2 @ (a—2cos 6) = 


n+3 n+B ats 
+(~1) 2 a? (@-2 cos) 2 4....., 


+(— 1) & (2 — 2 cos OY 4. 
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Picking out the required coefficients as in Art, 48, we 
have 











: -1 +1 safe al 

ge ( )?+enF ——— (— 2cos @Y 
ge ee eee 

+(-1)? 2 2 8 — (— 2 cos #4 +... 


+ (2 cos 6)", 
Hence, finally, when 2 is odd, we have 


(n? ~ 1) (n? — 3°) (n9 ~ 5) 
6G 





cost @—...... 


(= 1) (2 cos 0)*+.,..,...-(2), 


Case 1%. Let n be even, so that n—1 is odd. 


The lowest term in (1) which gives any coefficient of 
a*— is then that for which 


Hence, in this case, 


nin 06 = coefficient of a in 1 — 2 (@ — 2 cos 8) Te 


n n m1, 4 n 
+ (~1)2w3(@— 20080)? +(— 1)27” a2" (@—2 cos 6)? * 


+3 


a % 
+({—1)? re a} (a — 2 cos ay? ase 


+ (— 1)"> 2" (@ — 2 cos 6)" + 
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Picking out the required coefficients, we have 





aa 1.2 (- 2 cos 0) 
| kira Pe GY eae 
re hie (5+ EG is 


sen GGG im 


— 6 
CDs (— 2 cos @) 
th .cecsececaee + (2008 A), 
Hence, finally, when n is even, we have 


a +1 sin nO 
(-}) ‘sin @ 


=n cos @— M2) Vos. 4 B(n? — 2) (n? — 4°) cos8 
3 | 5 
= tases (= 1)? (2 008 OY ccecceee ee. (3). 


N.B. It will be noted that equations {2) and (3) of this artiole are 
simuply the series of Art. 48 written backwards, This is clear from the 
method of proof, or the statement eould be easily verified independently. 


“"*51, To eapand cosnd in a series of ascending 
powers of cos @, 


As in Art. 49, we have 
2. cos nO = coefficient of o" — coefficient of 2" in 
(1 — 22 cos 6 + 2) 
= coefficient of a” — coefficient of 2-2 in 
1 — @ (@ — 2 cos 6) + a (@ — 2 cos OY -- 2.0... 
ecareun + (— 1) at (@ — 2 cos 6 +... vos(1), 


LT. WH. & 


— + 
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Ws Case I. Let x be odd, so that 1 —1 is even. 


The lowest term in (1) which will give any of the. 
0 oaticients we want is that for which 

















patel, ee 
Hence 2 cos n@ = coefficient of 2* — coefficient of "7 
in 
nel n~] 
1—#(x— 200s 0) +... #{—1) a . (a —2cos 4) 2. 
ntl ati atl n+3 H+3 at3 
+(-1)* a? (@—2cos@) ? woe 22? (@— 20086)? 2 
tpacsenens eae 1)* 2 (a — 2 cos 8)"..... 
=(-1) 7 [3 (2 008 8)] 
, m+1 n—-1 n—-38 
w+ SS. ee ee oe 
—y? jetie 2 2 ss > 
+(-1) 9 (— 2 cos 9) Lo ( zeosty " 
nt+3 n+1 n—1 
nts} “9 "QQ ° Q 
(Dt | a Comer 
nt+3n+1ln—in-3n-5 
2. 2. ay 2 ee, : 
a 1.2.5.4.5 (2 cae) 
+ eantevesesbavet + (2 cos ey. 
n-1 
*. (—1) ® .2c08 nd oe 4 
L(n—1 ese 
cos Of(n—1)-+ (41) —OE IE cosrof m8) +(n4 3) % 


ee en 5) + (2 + 5)] +... 


+(- It (2 cos oy 


“p 


¢ 
is oy ; 
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Hence the principal value of the logarithm of a —_— 
negative quantity —2 (with our extended detinition) is 
e equal to the ordinary algebraic logarithm of « aided 
© on to mm. 


86. Logarithm of a quantity which és wholly tmagin- 
ary. In the result of Art, 83 put a = 0, and we have 


| 
| Log (Bi) = 2nai + log. 8 + 65 


= log 8 +i (2n-+ 5) T, 


so that the logarithm of any quantity which is wholly 
imaginary consists of two parts, the first of which is real, 
and the second of which is imaginary and many-valued. 


As a particular case, put 8 =I, and we have 


Log (V1) =i (2n +5) rr, 


.- 80 that the principal value of Log (V—1) is 5e 


“. a 87. In the result of Art,'83 put 
«=cos 7 and § =sin @. 
-*» Log (cos @ +4 ain @) 
= loge 1 +% (2am + 0) = 614 Qari, 
“. Log & = 644 Ini, 
The principal value of Log e, 4.¢. log e*, is therefore 


a 


that value of (@ + 2n)% which is such that @ +227 lies 
between — ar and + ar, 


L. T. I, a 


‘+ 
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88, Ex. 1. Resolve into its real and imaginary parts the expression 


Log sin (x + yi). 
Let Log sin (# + yi) =u +t, so that 
eviet—=sin (¢+yt)=sin z cos yi +coa sin yé 


, . eter ey¥—¢-3 
=s80 zt +4 CO5 t 








Az in Art. 18 let the right-hand side of this expression equal 
r [cos {2nx + 0) +i sin (Qnx +8)), 


: ro Te ay Pe 
rata/ sinte (' ms ) teosta(S = ) 


= 4 (eV + e-%) — 2 cos x 


=4 /2cash By—Deos tam, / °8b “5 608 2a 


d e=tan| cot 2 {—** | = toni [oote tanh 
an =tan—*] co * 5-5 |= n@! (cot x tanh y], 


ao that 








with the usuai restriction of Art, 20, 
We have then from (1) 


e“ (cos +4 8in v)=7 [cos (2nx + 0) +¢ ain (2ax+0)]. 
Hence e*=7, a0 that w=log,7, 
and o= 2nr+é. 


© Log sin (2+ yt)=a+vimlog, r+ (Qnr+eye 
=} log, a7 +1 (2nw + tan— (cot z tanh y)), 


By putting » equal to zero, we have the principal value of 
Log sin (a+ ty). 
Ex. 2. Find the general value of Log {-3). 
Let 2+yi= Log (—3), so that 
e=tit= —8, 
Put — 8=r {cos (Zax + 6) +4 bin (2nx+6)}, 


as in Art, 18, 
Then we haye r=3 and #=7. 


2 2 teecteancsencsesasenst lps 


ax. Brees 
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Hence 3 {cos (2ax +r) +éain (2nw + w}} 


sett et. evt=e= feos y +i sin y}. 


Hence e#=3, ao that #=log, 8, and ¥=2nw +, 


Log (= 8) =log, 3+ (2a + 7) t, 


The principal value, obtained by putting n equal to zero, i 


log, 3+ ri. 


EXAMPLES. XIIZ, 


Prove that 


ode 


3 
a* 4. 
; 


log (cos #+ésin 9)=i0, if ~x<p},r, Z. log(-1)=7i. 
log (~ i) = ~ 53, 

log (1+ cos 20+ sin 26) = log, (2 cos 6) +16, if -w<epr, 

log tan G + pf) =ttan sinh 2, 

log cos (e+yi)=} tog, (Se ty + coe Be ) ~ttan™ (tan z tanh y), 
log sin (e+ yi) _ 


ain (@ — yi) 


08 (x ~ 4) 
COB (% + yi} 


= 2itan— (cot z tanh y)s 


log = 2i tan—! (tan 2 tanh ¥)e 


‘loge = w—Ztante. 


log (1 +i tan a)= log, seca +ai, where «ig a Positive acute angle, 


Ge *- =log. (5 cosec = 3) +#(5- 3) 


ad 
a* 








= ee 
Log U+9=5 log, 244 (2*+7) : 


Pind the value of log log sin {2 + yi), 
7—2 


~s 
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{ -~ . 

~ 89. Definition of a® when a and x are any 
quantities, complex-cr real. When « and a are real 
quantities we know that 


a? = ete,4 (Art, 5.) , 
When @ and @ are complex the ordinary algebraic 
definition of a* no longer holds, 
Let us so define it that 
at — etlora 


~~ ~ *» BF 


eo }® 


Cr all values of # and a, whether real or complex. 


Now, by Art. 83, Loga@ is many-valued and complex 
when a is complex. Hence a? is many-valued and com- 
plex, so that 

at= oF Lore = g@ (2nmt+log ay 


The value of a* obtained by putting n equal to zero is 


called its principal value, ee 
Hence the principal value of a* 
= gtloea 
=1+«log 0+ (ogay + ws (by Art. 56), 
From Art. 59 it follows that if principal values be considered we 
have a* x a¥=e**?, uo that the principal value of a* satisfies the ordinary 
algebraic law of indices, | 
90. It may now be shewn that, if y be complex, 
1 1 1 
lbgdt+y=y-g¥tg7—-Zy't sees ad inf, 
The proof is similar to the proof when y is real. a 
(Art. 8.) 


It is, in general, necessary that the modulus of y be < 1; 
otherwise the Binomial Theorem does not hold for com- 
plex quantities. (Art, 26.) 
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If the modulus of y be equal to unity, so that y may be put equal to 
cos +isin d, the expansion can be shewn to be still true, excopt in the 
oases when ¢ is equal to an odd multiple of x. 


Since Log(1+y)=2nmi + log (1+ y), 
we have 


1. Logit +9) =2nmity—Sy tay —Ty+ eveees ad inf, 


o “91. To separate into tts real and imaginary parts the ? 
expression (a+ BiytVir + » ert £¢€ & acs 
pf HK Let a+ §i=r (cos 6 +7 sin 6), 
go that, as in Art. 18, 
B 


r= V¥qi+ 83,and @= tan a" 
Then, by definition, 
(a+ Bir = piety) Les (a+ ph 
3 ae gle tat flog (a+ Bi) + Benn 
= glttyi) flose + (e-+anem t} 
ax, eftloxr—y@+2mex) +i {yloertz(0+3ma)} 
as gtlogr g-yttime) gif lorrte(e+9ma)} 
=1* ever) [cos {y log r + (8 + Imr)} 
+sain {ylog r + @ (8+ 2m7)}}. 


If we put m equal to zero, we obtain the principal 
value of the given quantity, viz. 7 


re" [cos (y log r + 28) +4 sin (y log r+ a6)}. 
. "92, Bad. Find the general value of (,f-1}¥ -1, 
We have [of TiyV lev “Thos V=1, 
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But Log./-1=Log [05 (2n0+ 5) +ésin (200 +3)] 
Ty. 
= Loge (2nn+F) ‘= (2ne+ 5) é, 


al fai -te e (2am +z) a e7(2nn+2) 


where n has any integral value. 
as — rT 
The principal value of [,/ — iV -1 is oF. 


Ex. 2. Find the general value of Log, (—3). 
Let Log, (—8)=a+yi, so that 2*+7t= —3, 
t.¢. ¢@trf Los? — 3 {oon (Qae +7) +isin (27 +7)} {Art, 20). 
But Log 2=2n7i+log,2, and 32%, 
2 htt yt) (2nwi+-log,2)_ 208.3 a (Qmm+o) 4 
oy {z+yt) (2nvt + log,2} =log,3 + (2ma +7) i. 
Equating real and imaginary parta, we have 


x log, 2—2nry =log, 3, 


and w.2ur+ylog,2=2mr +2, 
Solving, we have 
ge log, 3 log. 2+ (2mm +4). 2n9 
= (log, 2)? + 4n3z? : 
a __ (2mr+-) log. 2 - 2nr lag. 3 
= = (og, 2))+4r-  ° 


Hense Log, {- 3) 


{loge Slog, 2+ 2n (2m +1) nj + ix { (2m +1) log, 2 ~ 2n log, 8} 
= (log, 2)?+ 42x? . 


If m=n=0, the principal value is obtained, viz, 


log, 3-+ xf 
log.2 ” 
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93. It could now be shewn that the general values 
of the logarithms of complex quantities satisfy the 
ordinary laws of logarithms, viz. 


Log mn = Log m + Log n, 
and Log = = Log m — Log 7. 


It could also be shewn that Log m™ = n Log m + 2p, 
where p is some integer or zero, The proof is left as an 
exercise for the student. 


EXAMPLES. XIV. 
Prove that 


1, ate—2™" (608 flog a) +i sin {log a)}. 


2, i*=cos {(2m+5) ra} +isin {(2m-+5) wa} : 


3. i*=cos @+isin ¢, where 
r 
o=(2m + 5) a e— (20m +) ; 
4 le cg as princi ‘ . 
z =4-+ St, principal values only being considered, prove 


tan =< nz 3 , ond 474 B27 =¢- 7B, 
§. Itt — a+ Bi, prove that 
a2+ g2— e—(4n +1) rp 
6, If Tepen=e+ Bi prove that one value of tan-) 4 is 
5Pe+ q log, 3. 


7. Uf (a+ b)?=m*+, prove that one of the values of 4 ig 
3 


2 tan-! : 
a 


fog. (a +b*)° 
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: 8. a Ri ok a principal values only being considered, 
rove tha 


1 
= 5 p loge (z* +47) ~g tan logs ¢ 
and that log, (27+ y3} =2 ap + 6g > 
Ba ( y") P+?e 
9, Prove that the real part of the Principal value of (i) !-e0+4 js 
= x 
¢ § cos F log 2). 


10. Prove that the principal value of (a+1b)**** is wholly real or 
wholly imaginary according as 





58 log (27+ b4) +4 tan-2 2 
a 
is an even or an odd multiple of ae 


”* 2, Prove that the gencral value of 
{1+ i tan a}-t 


ig ett tm [eos flog cos at +i sin {log coa a}}. 


dL 
prove that one of the values of 


og (ta) +y? 


tan~? = is \ tan—! oa) +4 +S 
-¥ ° (aap +ye 


x 


13, Prove that Log rj Uf - pears » 


where m and m are any integers. 
14, Prove that the general value of Log, (— 2} is 
flog 2}?+m.(2n+1) 2? , (2n+1—m) rlog2 
Blog 2+ 2mtx® —** “Blog 2)?4 Bmx? * 
Explain the fallacies in the following argumenta: 
15, For all integral values ofn we have ~ 
e*'7i — 908 2nx +i sin Inx =1, 
so that oft = fri _ ort _ be 
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Raise all these quantities to the power /—1; thus 
e247 _ gO 


 2r=4r=Or=,..... 
16. For all valnes of @ we have 
cos (0 — x) +7 sin (@ —2)=cos (0+ x) +isin (8+), 
so that ef Om) — gi G+), 
Hence G—-w=6+-, te. r=0, 


17, If @ and ¢ be the principal values of the amplitudes of two 
complex numbers z and ¥, prove that 
log y= log z+ log y + 2nxi, 


where n is ~1, 0, or +1 according as 6+ is >w, greater than -x and 
not greater than #, and not greater than —#, respectively. 


CHAPTER VII. 


GREGORY'S S ES. CALCULATION OF THE VALUE OF 7. 


4 \ .'94 Gregory’s Series. To prove that, if @ be not 
ie less than — qand be not greater than +5 , then 


9 = tan 0 — 5 tan 6-45 tan’ 0 — oe pail gnk 
We have 
1+7tan @=sec @ (cos @ +i sin 6) 
= sec @, e%, 


Hence, by Art. 83, we have 
log, sec @ + 0% = log (1 + ¢ tan 6). 
Therefore, by Art. 90, if tan@ be numerically not 
greater than unity, we have 
log, (sec @) + G¢ = log (1 +7 tan @) 


=itan 0-5 tant 6+) Pan 0-0. 
1 


; i ee 
=ttan 0+ 5 tan O-5 


i tan' @—5 tant 0+ ee aa ink 
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Kquating the imaginary parts on each side of this 
equation, we. have 
@=tan ;tan*@ +3 tan® 0-2 tan’ 0 + ... ad inf. ... 
atevggenor (1). 


Since this series is true for acute angles such that the 
tangent is not numerically greater than unity it is true 


for all angles lying between the values -< and +4 and 


7 and pre 


also for the extreme values — 4 3 


V 95. The series of the last article may be slightly 
transformed by writing tan @=2, so that « must be not 
less than ~1 and not greater than 1. 


It then. becomes 


28 tan-* x =x-ix*+ xo ix’y donee ad inf. 


where tan— @ is that value which lies between 
T 


T 
-_-— and re 


Lp : tw 
\ ¥e. Gregory’s sored ho case of a more 


general theorem which may be enunciated as follows: 


If 6 be an angle which lies between pr —¥ and pi + 2 
both limits being admissible, then 


1 
9~ por = tan 0 — 5 tan? 8+ tan 8 — sss ad inf. 


a 


- 


! 
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For let 9 = pw + ¢, where ¢ is not greater than 3 and 
not less than — z 
Then 1 +7 tan@?=1+4¢ tan $= sec (cos ¢ +4 sin f) 


| = sec pb. ef, 
Hence, by Arts. 83 and 90, we have, provided that 
tan @ be numerically not greater than unity, 


log, sec } + Gt = log (1 +4 tan 6) 


=itan @— 5 i*tan?O42 Pant O—..s, 


| Ree ae ae Oe ye) 
5 tan G— 5% tan’ @ +7 tan 0+ + tan’ d—... 


=ttan 0+ 

Equating the imaginary parts on both sides of this 
equation we have 

fp = tan 9 — 5 tan’ 0+ 5 tant sess. ad inf, 

Z 
3 
- $7, Examples of particular cases, 
If @ lie betweon mad and af t.¢. between r-i and Tho, we have 


4 4 
p=1 and equation (1) of the preceding article becomes 


fe. O—pr=tan 6-5 tan’ 0 +5 tan O—...ad inf ...(1). 


@-w=tan 0-5 tan!o+ 2 tan’ 9— Re eene are ad inf, 


If @ lie between is and =, #.¢, between an 5 and Qa +7, the agua- 


tion becomes 
O- 2 =tan 0-5 tan O+5 tant @—....., ad inf, 
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Similarly, if ¢ lie between — = and — a » &.¢, between — 37 5 and 


-8r+3, we have p= — 3, and the equation becomes 


84 8r—tan @—F tan? 9 +7 tant @— eanees... A0 inf, 


98. If @ lie between z and =. or between 


bar 
"A and hh? asanes 


or, generally, between 


: and 23+ oe 

tan @ is numerically greater than unity; in these cases 
the expansion of log (1+7% tan @) does not hold, and there 
is no such expansion as equation (1) of Art. 96, 


nT + 


99. Value of 7. One of the chief uses of Gregory's 
series is its application to find the value of 7. 
To Art. 95 put «=1, and we have 


T 1 1#%i1##%42 

a gt Eat 

=1-(5-3)-(-3) (a-w) 

— (5 5 7 9/ “\V1 13 #e0e¢80@ 
1 1 1 

w1-2 [sete ytit seaeee |. 


This series may be used to calculate a; its defect 
however is that the successive terma do not rapidiy 
become small, so that a very large number of terms would 
have to be taken to obtain the value of sa correct to any 
great degree of accuracy. 

For this reason other series have been sought for. 
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. 100. Buler’s Series. We can easily prove that 


1 1 ow 
-—] “los — 
tan 3 + tan g= 5° 
In Art. 95 put in succession @ equal to 
1 
5 ands, 
and we have 
7 ae tan + tan= 2 
4 2 3 
a2et tat ad Ds 
~ 9 3 93 5° oe ra 97 enecea . 


B38 7+ gr Teeeeees 


This series converges more quickly than the preceding 
series; but more than eleven terms of the series for 


tan-? 4 would have to be taken to give 7 correct to 7 
9 & 
places of decimals, 


~/101. Machin’s Series. A more convergent series 
than the preceding is Machin’s, which is derived from the 
expression 


1 I 
—j = =] 
4 tan 5 tan 539 





=7 (Art. 240, Part I, Ex. 4). 


By substituting in succession : and 559 for « in Art. 


95, we have 
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(2 212 123 1 2 
ow=16| 5-5 iptiie rt snsees | 





a eee ae ee ee 
239 32399" 5 2398” "ttt" |’ 








Now 16 x o> 32 
1 23 
16 x 5.75 = “001024 
16x +. ~ -go00009102 
‘SX 5-19= 
4x + _ gpooooc977 
*X3-9398= 
3°2010250079 
12 
Also 16 x 3‘ i087 0426666666 ... 
16 xt, ~ -000299571 
7°10 ~ 
16x + .2" ~ 9000000298 
Ti*i0" ~ vee 
4x <1. = 0167364017 
539 — ae 
0594323552 
Hence 32010250079 
— 0594323552 


mw = 3°14159265 /27 
This is the value of m correct to 8 places of decimals. 
By taking the first series to 21 terms and the second 


series to three terms we should get w correct to sixteen 
Places, 


112 TRIGONOMETRY. 


102. Rutherford’s Series. A further simplification 
of Machin’s formula is the expression 





ae! en ik ee 
4 tan “5 ~ tan” yo + tan 974° 
For we have 
dod 
os mg _, 7 99 _, 29 
tan™ 79 — ban™ 9g = tan I T = t "$931 
1+ 70-99 
=tan— =, 
239 


EXAMPLES. XV. 
Assuming that 


@—ne=tan 6-7 tan®6++ tan’ 9— aneg 


write down the value of xn when @ lies between 











L Ae ona “3, 2. or ana 
3. 1° and i 4, -= and - =, 
5. - il and ~ oz, 
6, Prove that 
w=2./3 {1 - Bt pore ..} . 


7, Prove that 


wr 2 1 2 2 +f 
4-3tq~ 5 (Rt 7) + 3 ate) 
8. Ita be <,/2—1, prove that 
i I P 
2( a la ae ad int.) 


= 27 5(ism) +3 Gam) ~~~ saint 
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Find the value of x to three places of decimals 


§. By asing Envler’s Series, 
10. By using Machin’s Series. 
Il. By using Rutherford's Series, 
12, To the second order of smal! quantities, prove that 
t Jitain @# log (1~ 0) +tan-! @ sin (F + ) = pee 

13, When both @ and tan~! (seo 6) lie between 0 and 5 , prove that 

-1 = a 8 = 1 8 1 109 

tan {sec #) = 5 +tan a 3 ens + 5 fan 37°" 
LT. mm, 


4h 
a CHAPTER VIIL YA 


BUMMATION OF SERIES, EXPANSIONS IN SERIES, - 


103. Weshall now apply the results of the preceding 
chapters to the summation of some trigonometrical series. 
The chief series may be divided into four classes ; 

(1) Those depending for their summation on 4 
Geometrical Progression ultimately, 

(2) . Those depending ultimately on the Binomial 
Theorem, 

(3) Those depending ultimately on the Exponential 
Theorem, including, as sub-cases, the Sine and Cosine 
Series, : 
and (4) Those depending ultimately on the Logarithmic 
Series and, as a sub-case, Gregory’s Series. . 


| 104. In Arts. 105—108 we shall sum one example of 
each of these classes. It will generally be found more 
convenient in summing one of these series involving sines 
of multiple angles (such as sina, sin 2a, sin 3a...) to also 
sum at the same time the companion series involving the 
cosines of the same multiple angles 

(ze. cos a, cos 2a, cos 3a...) - 

The method will be best aeen by a careful study of the 
following four articles, 


_4 
ta 


T bgp ae eel 
a SS 


EXPANSIONS, ae 127 
Since 2 cos O = e% + eH, 
we have a 
log (1 — 2a cos @ + a*) =log [1 >a (e* + e-) + a?) 
= log ((1 —ae™) (1 —ae~]V 
= log (1 — ae”) + log (1 — ae) 


a 1 2 a _1 a x 1 4 
= — ae — 5 ae? gv gue worsen 


— 16 — 5 ag ti gtg-set 


eevee 


=— a [e* + q-*] = 5 qa? [e* + iad | = 5a! [ere -f- eo] 


eeeeee 


=—a.2cos @—3 at, 208 26-2 at. 2 cos 30 


=~2[acosd + 5008 20-41 ateos 38-4 Hines |. 


The expansion of log (1 — ae) is legitimate, by Art, 
90, if the modulus of — ae® be less than unity. 
Now ~—ae%=a {cos (a + 9) + isin (7 + A}, 
"80 that its modulus is equal to a. Hence the above 
expansion is legitimate provided that a is less than unity. 
The expansion is also legitimate if a be equal to unity, 
Provided that @ do not equal an even multiple of a. 


It is also legitimate if a be equal to —1 and @ do not 
equal an odd multiple of 7. 


lll. Ex. Zepand 
1 — a? 
1 — 24 cos 8 + a3 
in @ series of ascending powers of a. 
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We have 
1-@ ge. 2 — 2a cos @ 
1 — 2a cos @ + a? 1 —2a cos 6 + a 
2 —a(e% +e) 
1—ae* +e) + gt 
2—a(e% +e-%) 
(1 — ae”) (1 — ae) 
1 1 
i rr ae err 
s— 14+ — ae) 4+ (1-ae%)2 
=—14+1 + ae + are +arei4 |, 
+ 1 + ae* + ae 2% + ate 3% 4 
=1+ a (e* + e%) + at (e+ eM) 4... 
= 1 + 2a cos @ + 2a! cos 28 + 2a? cos 34+... ad inf 
The expansions of (1 —ae”)— and (1 — ae~")> by the 
Binomial Theorem are legitimate if the modulus of ae* be 
less than unity, ve. if @ be numerically <1, but not 
otherwise. (Art. 26.) 
The above series is the one assumed in Art. 49, 
Similarly we can deduce the series of Art. 48. For 
we have 


2a sin @ _1 a(et—e*) 
1 -—2acosP9+a? ¢ 1—a (e% +e) +a? 





| ae*—ae* =_ ee 
~ 4 (1 — ae) (T— ae) | T= ae 1 — ae 
1 


; {(1 + ae™ + ae 4...) ~ (1 + ae-% 4 ae 4+...) 
= 2a sin 6 + 2a? sin 20 + Qa* sin 36 +...... ad inf. 
As before this expansion is legitimate only if a < 1. 
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| Vio Ex. If smv=nsin(a+), expand « in a 
aeries of ascending powers of n, where n is less than unity, 
Since sods 
sin =n sin (a + 7) =n (sin a cos 2 + cos a sin 2), 
nsin a 
*. tan ¢= ———__., 
Il—ncosa 
. &-e*  nisina 
“" +e T—neosa’ 
ef _1l—neosa+nisina _ 1—ne 
e™  l—neosa—nisna L—ne™’ 
“. 2a = log (1 — ne-**) — log (1 — ne") 





= — net 5 ries - ; nig? — oo... 


+new +5 nro + smi 4 senses 


= n(e% — gat) + 5 78 (ee — emt) 
+ani(eet— eM)... ad inf 
=n, 27 sin atm, isin 24+ = nt. 21sin 8a +.., 
ae e=nsina +3 ntsin 22+ 5? sin 3a + sae? Sean (1), 
In this equation we have assumed « to lie between 
_ 5 and + = ; if it do not, then, instead of 2zi, we should 


tead 2kri+ 2ai; the left hand of equation (1) would then 
be +k, and we must choose & so that a-+k shall lie 
7 T 
5 and + 3 e 


As before the expansions are legitimate if x be < unity. 
LT. 1. 9 


between — 
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113. Ex. Expand e* cos bx in a series of ascending 
powers of x. 
We have es 


bark 
e cos bu = one, — Sea” 


= i gittbiz + 4 ge biyz 


2 | 
=} E sattjat St +e at Hepvaees | 


+5 E + (abi) 04 SO seve | 
The coefficient of a 
_ (a+b + (a— bi)" 
: 2 Jn ; 
If a +br=r (cos a+ sin a), so that 
r=-+ Vqa'+ 5 and tana=<, 


with the convention of Art. 20, then the coefficient of 2” 
— in (cos a ++ sin a)}" + {r (cos a — ¢sin a))” 
2 fe 


=n cos na 
= [n 





by De Moivre’s Theorem, 


Hence we have 
7 cos Za 4 Es 8a 


sinner le aaa cams a [3 Png ere 





—_ 


where 
T=-+ Vai+ b and tan ane. 


This expansion is legitimate for all values of a, 6, and 
aw. (Art. 57.) 
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EXAMPLES. XIX. 


Expand in an infinite series 


1+acos 6 9, Se - 2008 (0-9) 
1. 1+ 2a cos @+ a3” " “1-24 cosa 6 +2? 


sin ?-asin (@- ¢) 
i cosg+a? ° 


5, «7? sin de. 
Prove that 


*. 


4, 7 8S cos (9+ sin g). 


a? _ in? 1 oe sinte 1 in? 89... | 
é. log eos" 4 Bani p=! ¢ sin? @ 307 sin O+5 cain 8a-—... |, 


where jaca. 
ath 
-y_o8ing ew be 
7, tan er grasin d+ 5a Bin 20+5 4 sin 3? +...,.. ad inf, 


8. * ten {sin a tan 28) =sin a tan B+5 sin 8a tan* § 


1 
+5 


Q, if sin @=x cos (+a), expand @ in a series of ascending powers 


sin 5a tan® #+ ....,, ad inf. 


10. Expand y in terms of cosa, where 


2 tan y=sin z cose =F * conec =. 





ll. If tan c= tany, and m=7—* » prove that 


2 
ftrrmy—m sin dy + sin dy—™sin by +...,.. ad ink, 


_ where r is to be go chosen that Z+re—y lies between -5 and + 3 
12, What does the series of the Preceding question become when 


1 
1 — = 
(1) n=cos a, and (2) n= a? 





18. Expand log cos (j+e) in @ series of sines and cosines of 
ascending multiplies of 8, 
9—2 
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wr ON, . - 
14 Expand log tan G + 5) 1D @ series of sines of ascending multiples 
of @, 
15, Prove that JS 
(Le tana) (1+e7" tan a) (14 ¢ cota) (146—% oot a} 
=4(sea P+ 008 #)3, 
where a&=5 ~ 2a. 


Hence expand log (1+ os 8 cos) in a series of cosines of multiples 
of @. 


16, Prove that 
2a cos ¢ 
1—2a ain 6+ a? 


17, Prove that 


= 2a 008 @ + 2a7 ain 26 - 2a9 cog BO —2a4 sin 40+.,.... ad ing, 


log coe 8= ~ log 2+ 008 20-3 cos 4o+2 cos 68 ~...... ad inf, 


if @ ba an angle whose cosine is positive. 
18, Ip any triangle where a>5, prove that 


1é 


lage=loea = ons =n oad 2 ean d ink, 
go= Og a ~%3 a 8 “sg aaco — syaee.s AO 1D 


a 3 
le have c1=a*+ b7— 2ab cos C=a? Q - 3) (2 -; <).] 
19. Prove that the coefficient of <* ig the expansion of 
; e** sin bz + e* pin az 
in powers of x is oo 
& 2 (a24+-b37 one 


apr oe 
[" ain [7 008 5 3 2 tan 5 |- 


20, Prove that the coefficient of c™ in the expansion of 
log (a* + b? + <3 — Babe) 


s v4 . 1r(-1)> 2 cos nd 
—| — I > Oo dS 
a | trop een 


3 _an-b 
where - tan ear a Se he 


CHAPTER IX. 


RESOLUTION INTO FACTORS. INFINITE PRODUCTS FOR 
SIN @ AND cos 6. 


114. We know from Algebra that, if P be any 
expression containing « and if the value «=a would 
make P vanish, then #~a is a factor of P. 

Hence to find the factors of any expression P we first 
solve the equation P=0, Also if P be of the nth degree 
we know that there are only » solutions of the equation 
P=0. If the roots thus found are a, 8, Yeeasies «, we know 
that e~—a, w—,...... %—x are factors of the expression P 
and that there are no other factors which contain a. 

. We shall apply this method in the following articles. 
LAY, 


15. To resolve into factors the expression 


Pe x” — 2a” cos nO +14 7 
We have first to solve the equation aoe 
a” — 2a" cos nO +1=0, 7 
4.6. a” — 22” cos nO + cost n = — sin’ nd, 
so that os ane iy aa a | ain 40, | 


and therefore 


- 4 Ce 
a=[cosnO+V¥—Lsinnop, “+ fe 


eG UCnd) PL Care 221 
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As in Art. 24 the values of hy expression are the 2n 


quantities Been er ‘pf wt DY " be 


rere) sos(6-427) tisin (8 2), 





cs 





4a 8 4rr 
cos (8 +7) +2810 (0 + =), toeedenee 
COs {6 + “eee +7sin fo+ = Se Ut 


Taking the first pair of these quantities we have the 
corresponffing factors 


x—cos@—isind and «-cos@+isin§, 


or, in one factor, 
(# — cos 6)" + sin? 6, 


1.8, the quadratic factor 
gi PERORE L 


Similarly the oe) third, ... pairs of the above 
quantities give as factors respectively 


ot a — 22 009 (0 +7 “T) +1, 
Oe = ot con (4% —") +1, 
ft dameonens 

and a? — 2e cos {6 + = 2 mh +1, 





Also on multiplying together these » factors we see 
that the coefficient of 2 in their product is unity, which 
is also the coefficient of #” in the original expression. N 0 
other numerical factor is therefore required, 


~~ 
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Hence 
/ xi ~ 2x" cosn?+ 1 


p | = {x*- 2x 008 9 + 1} {x* - 2x c08 (0+ =) +1} 


\ {x — 2x cos (0 + =) + 1} 
~ es — 2x cos (04-7) 4 a} ...(1). 


_ By dividing by 2* we have’ 


amp — 2cosnO= je+e —2cos 6} \7 +2 —2eos(@ 43 =") 
a” Z x me / 





eee {x + 5-209 (6+ 7*— “mt rr (2). 
x n 
» _——s' The relation (2) may be written 
- 1 ran-1¢ Drea 
w+ 2 cos nf? = ea \¢ oe — 2cos (@e + vm} 
r=an~1 
where II stands for the product for all integral values 
roo : 

of r from r=0 to r=n— 1 of the expression following it. 

Similarly we may shew that oe 


a” — 2a" 2” cos nO + 0 
= {2 — 2ax cos d + a%} {us 2a. cos (6 + =) +c} 
¥ {#*"—2ace0s (6+) +a. \- Qaxrcos (04° 7) +a 


} io Stee aeonaces (3). 


€Y-"116, ‘The Proposition of the last article may also be proved by 
induction. 


| 
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We shall firat shew that 2" + —2cos na is divisible by 


Pree 008 a. 
Zz 


Let a"4—.—2 008 na be denoted by ¢ (x), and a4+i-2 cosa by 2, 50 


that we have to shew that ¢(n) is divisible by X, for all positive integral 
values of 2. 

Assume that this is true for ¢(n-1) and o(n-— 2). 

We have then, by ordinary multiplication, 


+s) —— taf ee a =“ —2 cos (n-1) ‘ “a a 
= (a+ x) + (294553) —2cos{n—-l)a x (+2) 


= {2" + 35-2008 na} 
=z 





+ jo"#+ sa ~ 208 (7 -— 2) of ~2008 (0-1) a }r+= 2008} ’ 
ince 2 cos na +2 cos {n — 2) a= 4 oo8 a Cos (n— 1) a. 
Hence (2+) xo (n-1)=9(n) +6 (2-2) —2A 008 (n— 2) a. 
“ o{a)= 2+) (m1) ~p (0-2) +20 008 (n-—La...... (2). 


Now ¢(1)=2+2—2e08 a=h, 
ad ¢(2)=2 : 2 2 =f 1 _ ge08 (245 +2008 
and ¢(2)= + 3 — 2003 2a= | ot+~ a) > a 


= (=+5 +2008 «) ‘ 


so that ¢ (1) and (2) ara divisible by A. 
Henee, putting n=3 in (1), we aee that ¢ (3) is divisible by x, 
Similarly putting, in (1), rn=4, 5, 6...... in succession wea see that, 
by induction, ¢ (n) is divisible by \ for all values of x. 


Ae a4 - 2 ook va is divisible by a+s- 2 908 a. 
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Again ot ga Boo names Boon (a+r), 
and is similarly divisible by 
1 ( =") 
%+—~2008 [a+—}, 
z 7 
Proceeding in this way we can shew that it is divisible by 
1 dr 1 n—-l 
2+5-2000(a+°"), acaee 2+ 7-deo8 (a+ = 2m), 
and hence obtain equation (2) of Art. 115. fi os 
‘417. De Moivre’s Prop erty of the Circle. “*~ 


_ A geometrical meaning may be given to the equation 
(3) of Art. 115, — 

Let ABCD... be the angular 
points of a polygon of n sides 
which is inscribed in a circle of 
radius a, so that, O being the 
centre, we have 
£AOR=£ BOC=£C0D=...= 7%, 

Let P be a point within, or 
without, the circle such that 

OP=2, and 2 POA =8, 








Then 
ZPOB=04+ — £POC=60+4 = ae 


and we have 
PA? = OP) + 04!—20P. OA cos POA 
=a? — 2ax cos 6 + a3, 
PB = OP? + OB —20P.0B cos POB 


= 2° — Qax cog (0 + =") + at, 


PO = 21 — 2ax cos (@ + =) + a, 


PP ERS +aasesenee 
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Hence PA!?. PE?. PCO... to n factors 


= {at — 2a cos 0+ or} |2"— 2ase 005 (0 + 27) 4-04 . 


\@ — 2as cos (4 + =) + a} .». ton factors 


; = 0" — 2a" a" cos nO + a™, 
fo 118. Cotes’ Property of the Circle. 
In the preceding article let the point P lic on OA, te. 
let it be on the line joining the X 
centre to one of the angular pointe — 
of the polygon. 
In this case @= 0, and we have 
PA?. PB. PC... to n factors Hy 
= 2 — Baa + ah 
= Cg _ a*)?, ; 
.. PA.PB. PC... ton factors 
= 2" — a” or else a® — 2", 
The first of these values must be taken when F is 
outside the circle, on OA produced, so that # > a. . 
The second must be taken when P is within the 
circle. 
We therefore have 
PA.PB.PC.PD... to 2 factors =a" ~ a®...(1). 
Again let a, 9, y, 5... be the middle points of the arcs 
AB, BO, CD,... so that AaBBCy... is a polygon of 2n 
sides inscribed in the circle. 
By (1) we have 
PA.Pa.PB.PB.PC. Py... to 2n factors = 2" ~ a 


E§ pd, 





Dividing (1) by (2), we get . 
Pa. PB. Py... ton factors = + a ...0. (9). 
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The equation (3) may also ba deduced directly from equation (3) of 
Art. 116 by putting o=". We then have 


. (2*-202 con 7 +") (29-222009 +a?) (2? 202 cos °T +a?) 


assee. $0 % factors = ~ 2a%7" cos x +a" 
= 278+ 2ahe™ + 1 = (2% + 2)2, 


1.6, Pa?. Pp’, Py?,.,...0 m factors =(2*+ a)?, 


This eee (3). 
Vv, 


119. To resolve into factors the expression a —1, 


ee ee 


We have first to solve the equation 


2*—1=0, 
2.0. a" =1 =cos 2rr tisin 2rz, 
where r is any integer, ; 
so that a=([cos 2ra t+ isin Wr] .....ce000e. (1). 


First, let n be even. 
As in Art, 24 the values of the expression (1) are 


Aar 
n? 


- 2r ... Qar a 
cosQ + ¢sin 0, cos 7 tesin—-, cos —- +¢sin 


—_ 


n ae ee | 
+9 COB —— — 7 £4 81D 


aw .. NT 
“7, COS — +281n —. 
n nr na 





But - cos 0° +7sin 0°=1, 


* . vii . 
and cos + isin = = ~1, ' 
nm tg 4 4 : 
fore See 
Henee in this case the roots are the n quantities 


4 


Qqer no 2 
» coS—+isin—, 
n n 


Qe 
1, cos — 4+¢sin — 
£1, , + tse 


n-—Q 4. rn— 2 
ae. COS en +251n 





TT. 
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The factors corresponding to the first of these pairs are 
—1 and # +1, we, the quadratic factor a?— 1. 
Those corresponding to the second pair are 


Dar 2Qer Qer 
om cos —- — t sin —- and #— — cos + isin =, 


t.c. the quadratic factor 
«* — 2¢ cos = +1. 


Hence we get 5 pairs of quadratic factors. 


_ When multiplied together they give the correct 
coefiicient for 2, so that no numerical quantity need be 
prefixed to their product, 

Hence, finally, when x is even, 


a" —~ 1 = (a? —1) (28-22 00s = + 1) (2 - 2 cos <4 1) 


2 ge 1) spc hablee DY: 





aoe (# ae 2a cas be 


Secondly, let n be odd. 
As in Art, 24 the values of the expression (1) 


are now 


se 2 be 4, 4 
cos 0 +2s1n 0, cos — + ésin =, cos tésin—, cae 





n—1 2. hth 
wt+isin™ TT. 





3 
7, COS 





-—3 2 ¢ %t%-— 
w+tsin 





nm 
Bhe cos 


The firsb pair reduces to the single root + 1. 
Taking the other pairs together, as before, W we ¢ obtain, | 


when n is odd, 
~1=(e~1) {or 20 008 41} fo — 20 008 4.1} .. 





aae \@ — 2x COs vic 1 T+ 1} Uso RT ORR ERe (3). 
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Hence we have 


rego 2rar 
o-1l=(2—-1) I (at — 22008 7 + 1), 
ral 
when 2 is even, and 
R-1 
a Ss 
e*—l=(@—1) II (2 — 2x cos" +1), 
pul nr 


when 7 is odd, 
These formule can also be deduced from the funda- 
mental one of Art. 115 by putting n@ = Qa. 


jx0120. Lo resolve a + 1 into factors. oo uel 
We must solve the equation ~ >} 
o”+1=9, 
4.2, a” = — 1 = cos (2rr +7) +t sin (2rz +4 2), 


where r is any integér, 
1 
so that a@= {cos (2ra + 1) + t3in (2rm + 2)}" 
== Poe adit alt ? sin cl (1), 
n n 
First, let n be even. 
As in Art. 24, the values of the expression (1) are 


wT 1. Sr... Bar a9”  . . 5 
COS— £tdsIMN—, cos— +251In — cos — 4+151n —— 
nt n’ nr + nn? a n’ 
n—l)r , n—] 
we ) +781 ( Ia 
n nt 


The factors corresponding to the first of these pairs are 
@—cos——isin= and w— cox +isin=, 
rn n n n 
1.¢. the quadratic factor 
a — 22 cos + 1, 
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The quadratic factor corresponding to the second 
pair is 


t= 2a cos 5 4.1, 


and so on, 
Hence, as in the last article, when n is even, we hava 


+1 = (at — 20 cos +1) (a 20 008" +1). 
w.[ 2% ~ 20-008 @— 4 1). 


“Secondly, let n be odd. 
The values of the expression (1) are in this case 


~ 


oT  .. OT 
cos — * tisin=, me £t SIN yo0e 


_ (n~—2)ar 


(n-2)7.. nT... nw 
08 ————“—- + 78In ~~, cos— +25in~—., 
n n n n 


The last pair of roots reduces to the single root — 1, so 
that 2+ 1 is one of the required factors. 

The quadratic factors corresponding to the successive 
pairs of roots are 


o— 2a cos~ +1, a — secon 44, 


aw — 2x cos = w+ 1, 
Hence finally, when x is odd, we have 


e+ L=(w+ 1) (a — 2x 008 7 +1) (at — 20 cos 57 +1). 


wa 28 ~ 20 cos @—2) 1]. 


EXAMPLES, Ab 


We have then 


n-3 
rTre-—— 


a 
a+1= IT (a — 20008" +* 5 41), 


rd 





when n is even, and 
n-3 


a e 

e*+l=(¢+1) (a? — 20 cos +? op 4 +1), 
=o 

when n is odd. if 


These formule can be deduced from the fundamental 
»one of Art. 115 by putting nO = a. an 





ante 
£121. Bx kl, Express asa product of n factors the quantities “+ 





cosng—cornd and cosh ng ~cosné. 


3 
7 equation (2) of Art. 115 put z=e**, so that z1=e-*, and hence 


pee f+ ala ety g-biy aos 4, 
ie, 


and a oO e814 14 — 2 cog ng, 





=o nes 


£,t 008 nd — O08 n= 2*~1 fcos d ~ 008 8} the ¢— 008 (0 + =) 


neeese {eos 4 08 (0423, } 


=2-1 TT jeos ¢ — cos (047) ‘ 
ret! n 


Similarly by putting x—e* we have 
corh ng — con n@ 
9 ER rn. 


= 20-2 {cosh % - cos 6]| cosh ¢ — cos ( 0+ - = YI. 


ccm 


: | | [ cosh ¢ — cos (0+ = r)]. 
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wha. If n be even, prove that 
“ 
4 = 69 4 6 2 
ae 27 sin — sin— ann ig ee 
Bin Fo AER HN Fewest waft 


+ 


In equation (2) of Art. 119 put-mequal to tinity,, 


. Fie ee ia ee ee Sy. 
Then, since -_; ieee > s eel Tl oie 


z™-—1 


therefore, when x is unity, gol ; 





Hence we have 


2 dor -2 | 
3= (2-2e08 =) (2 ~ 2eos =) eacdee (2-2¢057= r) ‘ 


_ ger . ,49r n-2 . 
Pcl baad 4 Sco Fe ees in? —— ™ 
ie mo2.4sin on 4sin a 4 sin in , 
there being 37 1 factors, 
ie Or dor n—3 
a ial * in? ab i 2. apmpen in? oe a e 
2 sin’ in s1n on sin On r 
nm 
> . 29. tr . n-2 
-93 an SF n-2 
Hence &/n=27 sin Fy SUD By, ote e+ BAM Ge Teanaceneverannes (1). 
Each of the angles 2”, 47, .....,%—" » is Jess than a right angle, 60 
On 3 on po teres on 


that each of the sineg on the right-hand side of (1) ia positive. 
On thea left-hand side we therefore replace the ambiguity by the 
positive sign and have the required result. 


s 
4 . 


a eee hs 


EXAMPLES. XX>)- 7 


Factorize the following quantities. 


_], 2+2x% 608 120°4+1, 2. etc 
: 
- 3, 2 -2e5 cos F4+1, - 4, 24ct41, 
5. pay z+. + §. zt, . 1 7, xS+ 4. 
8. 2-1. - 9 241, «10. 2-1 
ed s+ 12. «*-L - 13, 2*+1, 
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be 14, Ifnbe even, prove that 
n—l . : 
Sor Sw .n-t 
7 putes — § = 
2 ein sin on sin —— I_oc S g® 1 
nl 
37 n—l1 
_} 2 —— — 

| =27 cos = cos Ont GO3 on ™ 

45" If n be odd, prove that 

es | n—l 

Qa da n-1 >= 3r n-2 
2 gin gi —wrw—./n = 2 2 pul aon 
2 sin 9 ain 5 an 7 n= 2 C08 5 COs 5 GOS ~~ ay 

and that 

het ain ™ Br gin eel a2? cos 2 con tt n-1 
‘ 40 a ~. 410 Qn T a Pie 8a cos “Die y. 
HG, Prove that ain ~ — ain or caseee ain © =e =o 
MA“ ttabe odd, prove that 
+. or. Se gents 
tan — tan — tan — ....., tan ne = / 7, 
n n n % 


18, Shew that cos né 
= 97-2 ~ B08 al Sieg ae 
=2* (cos GOs m) (cose - 008 5) aeons (cose cos ) . 
Prove that 
hal 19, ain ng=2"~1 gin ¢ sin (s a *) eels sin (+ " _ 7) 
= 20-1 TT sin (o+% ; 
r= mp 
[Put s=1, and 6=2¢, in the equation of Art. 115.) 
—_ON-2 al r\. an ; 2n-1 
20. coseng=2 sin (9+ 5) sin (9+ 37) veers sin | + Da r|. 


[Change into p+ ae tn the formula of the preceding question.} 


21, 2°21 cos ¢ 00s (+ +5) om (+433). ..008( 4" r) 
a =(- yi sin nf, when n is even, 
and =(-1)7 cosnd, when n ia odd. 
[ chance # into ots tn the reault of Ex. 19. | 
Et 10 
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2 Ber br 2n~-1 n . 
gnu=1 — paes = x ba 
93. cos i cos an cos — ono cos in T= COS ra 
23, 2-1ein * gin 37 gin OF di PE og 
'. on Qn on seoneere an = = 
x 2ar _(Qn-Yr (-1)*- 
24, cos 700d | teense COB ei earacee  eae 


, 25. Prove that 
arr 
vy a” — a® cos nb 1 ae 2~acos(o+ =") 
(9 «= BM DaPa connepa™ na peg ee 
2 a? — Qua cos (e+ Sy +0 


[in (3) of Art. 115 change x into x+h, expand and equate coefficients 
of h. Or take as ad eke and 0 el with respeet taz.] 





BE SG f actrcle of radius r is divided into 2n equal 
parte at sot P., P,,......P4,; if chords be drawn from P, to the other 
points, prove that 

P,P, - Py Pg... PP ra. 
Also, if O be the middle point of the ara P,P,,, prova that 
OP, . OP,......0Py= 27". 


27. If A,Ag.....don4, be a regular polygon of 2n+1 sides, inscribed 

in a circle of radius a, and O4,,, be a diameter, prove that 
OA, . OAg......0A,=a™ 

OB, - 4,4q......4, is a regular polygon of x sides. From O the centra 
of the polygon & lina is drawn meeting the incirele in P, and the circum- 
circle in P,. 

Prove that the prodact of the perpendiculars on the sides drawn from 
P, ia to the product of the i apo from P, as 


cos* © ; cot? are L 


@ being the angle between OPP, and ae 


29, ABCD...... i868 regular polygon, of x sides, whieh is insorlbed in 
a circle of radius @ and centre O; prove that 
PA’, PB, PO*,,,,..=7°" — 2a"r" cos né+a™, 
where OP ia r and the angle PO4 is 6. 
Prove also that the sum of the angles that 4P, BP, CP,...... make 
rigin né 


with OA, OB, OG,...... produced is tan-* pprerT mar G 


ae 


a’ 


SIN @ IN FACTORS. 147 


(~; Resolution of sin @ and cos@ into factors. 
V2. To express sin @ as a product of an infinite serves 
of factors. 3 
We have sin @ = 2 sin : C08 5 
. @ wr @ 
= 2 sin 5 sin G + 5) saeneasGh 4 
el 
5 2 and 


Similarly in (1) changing @ into g +5 succes 


sively, we have 


sing=2sin & sin (5 + + 5) =2esin Lae (+5) 
_ (1 a _ (9 ON . fr mr 8 
and sin (F +5) =2sin (E+ 55)-sin(F + 2+ 5) 


oO, . (8a. @ 
m 2 sin (G+ +55) 810 (F — =) : 
Substituting these values in the right- hand ae of (1) 
we have, after rearranging, 


sin @ = PP dt eal w+@ . Ir+8 . 3a+ 8 


9 38 sin SD gs weal). 
Applying once more the formula (1) to each of the 
terms on the right hand of (2) and arranging, we have 


sin 0 2 sin sin FO sin EO in SHY sn me 


- Sr+O . Gar+O . Inte 
sin 3, sin 5, sin iaseceveala): 


Continuing this process we have finally 


sin 9 = 27-1 gin Sin 3+ - gin 2a +8 Mere (p—1)7+6 
Pp Pp P 














Sanksesersen 4), 
where p is a power of 2. ya @) 


im “a, 
co 
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The last factor in (4) 


: | tT T—-é 
= sin | 3 — -——— | = sin ——_ , 
P P 
The last factor but one 


_ gin P~D THO. [n— 22a 8) _ inet 9 
P P 


and so on. 


Hence, taking together the second and last factors, 
the third and next to last, and so on, the eqieon (4) 
becomes 


ain @ = 2-1 nin 2 * {ein +O . eG oe {sin arte m6 
P p P P P 


Senmeme (5 








The last factor is 
Erté 





sin 
which = sin. (5 + ”) = oa” 
; 2 Pp Pp 
Hence (5) is 
sin @ =x 2? gin ; [ six : - sin | | sin > — sint ee 





ai — 
PJoe=0 PJe=o0 
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we have 
(1). 
p=2F", sin’ : sin sin oe iv ll .» (7). 
Dividing (6) by (7), we have 
P sin? f sin? - sin? e 
sin O= p sin — i= 1-— = 1-—t 
P sin? Lil sin? ll mt 
P Pp P 
sin? : 
oe} 1 — COB = seores 8 
sin* § _ )z P we 
P 
a make p indefinitely great, 
ince 
sin — . oe 
[» sin \- = ey .@ = @ (Art. 228, Part I.), 
P paw 
sin? 2 sint¢ us @ ga 
a; = eer; 7 == (Art. 228, Part I.), 
P pmw p 
and so on, we have 


in =0 (1-5) (1-255) (1-a53) ... ad inf, 


This theorem may be written in the form 


sin @=0'Tl (1-5). 


Pull 
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“403, To express cos 6 as a product of an infinite series 
of factors. 
In equation (4) of Art. 122 write for @ the quantity 
Tv 


5 + @, and the equation becomes 








cos @ = 2? gin = +30 avons 2¢ Sin r+ 20 
2p 2p 2p 
sin a Eo (1). 
The last factor 


= sin | | = sin eo ' 
the last but one 
ie [Geno | = sin 27 2? 
2p 2p 





, 
and go on. 
Hence taking the factors in pairs, as before, we have 














cos0= 2 sin 729. E28 sites re in | 
= 2p 2p 2p 2p 
a= 9-2 | gin — sine 27] | gine 87 — gins 27 
== 2P- sin Op sin? ss | | sin an sin? op »e(2). 
In (2) make @ zero and we have 
= OP gins gint OT. pint OF : 
1=2?-, sin 5, Sin Pian Ip sidnaauest oe) 
Dividing (2) by (3), we have 
eee . 4 20 - 28 
sD? 5 sin? —— sin? —— 
cos O =| 1 — nF] J 1-2} | 1- ae 
sin? = sin? at sin* on 
2p 2p 2p 
5 20 
2p 
ae A | =—" 7 (p—l)a neaneon (4). 


Cos @ IN FACTORS. 15] 


In (4) make p infinite; then, as in the last article, we 
have 


46? 46? 46? ts 
cos 8 = [2-3 |p -#3] [2- sa] ad inf. 
This theorem may be written in the form 
r=mw 48: 
et {1 ~ (2r—1) =f 


Since cos 9 = Sn OE the product of cos@ may be 








derived from the products for sin 26 and sin @. 


“[94, The equation (4) of Art, 122 may, by means of Art. 115, be 
shewn to be true for all integral values of p. Tor we have 
x _— 22? cospp+l 


= {z7- 22 cos +1} {27-25 208 ( +=) +} 


{- 27 cos (+ + =) + i} ayer to p factors. 
Put <=1, and we have 


2(1 - coa pp) = {2 —2 cong} — 2 cas ( + =I neoden to p factors. 


te. 4 sin? tea 4 sin? & .4sin? g +~ }.4 sin’ e += ...to p factors. 
2 2° op 2° 


Put 2 ve 8, and extract the square root of both sides. We have then 
+sin 6= a= 2-Ipin 2. sin ls . sin ae té ain ie ee ay. 
- P P P 2 
If @ lie between O and w all the factora on the right-hand side of (4) 
are positive and so also is ging. Hence the ambiguity should be 
replaced by the positive sign. 
If # lie between + and 27, all the factors on the right-hand side are 
positive except the last, which ia negative. 


Hence the product is negative and go also is sin @, so that in this case 
also the positive sign is to be taken, 


Similarly in any other case i¢ may be shewn that the positive sign 
must be taken, and we have, for ali integral values of p, 
ain @=2°-1 gin £ . sin <2 sin. 3646 sin (paler e. 
2 P P P 
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"125. Sink @ and cosh @ in products, “ 
By Art. 68 we have 
sinh @= —7sin (2) and cosh 6 = cos (@:2), 
Also the series of Arts. 122 and 123, being formed on 


the Addition Theorem are, by Art. 64, true when for @ 
we read 6, 


2 siuh @=—¢x 61 (1 = (a i) (1 ot (1) 








a f\" Dp?) \" ~ Bizet 
=0(1+ 5) (1455) (14 3) Scat ad inf 
and cosh 0 = € = se) (1 i a (1- ae ...ad inf 
= (2 i: *) (1 + oa) (1 + ct) ...ad inf, (2), 


The products (1) and (2) are convergent. For we know (O. Smith's 
Algebra, Art. 337) that the infinite product Il (1+1,) is convergent if the 
series Zu, be convergent, 

In the case of (1), Zu, 


e 1 1 1 
er (ltptgtgt——)s 
and the latter series is known to be convergent, @a 


: eee 
“126. Sums of powers of ‘the reciprocals of all 
natural numbers. 
From the results of Arts, 122 and 123 we can deduce 
the sums of some interesting series. ; 
From Arts, 122 and 33 we have 


(1 - ©) (2 i 3) (1 _ a) vee. ad inf 
sin @ @ ¢@ 


=-—. =} “tp + seons AG inf. 


o 1B 


1.SUM OF NEGATIVE POWERS OF INTEGERS, 153 


Taking the logarithms of both sides, we have 
& & & 
log (1 oe =) + log (a _ soca) + log (1 — x3) nS aaeees 


eo 
slog [1-§ + apy -~ | vomnat (1). 


Now, by Art. 8, we have 





Ghee neeeeseoen 


80 that (1) gives 


. _@f1.1,1 1671 1 2 
alate at git .|- Sml(ntgtyt | 
e 1 1 


6 120 2\6 120 
e 141i 
=— Gt (55~-5-3¢)- serees 
a” 6 
=m ye 2 
6 180 orenmeeeene aan mak )e 


Since equation (2) is true for all values of @ the 
coefficients of @ on both sides must be the same, and 
similarly those of @, and so on. 
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Hence we have 


-a(atHtate . ad inf.) 1 


22 * 3 ~ 6? 
1i/l I 1 1 
—szilptptgte sad inf.) = — 180° 
1 1 | ; or 
Hence ptptgt-- .. ad inf, = Goue (3), 
1 1 : 
and + 5 or ~ +... ad inf. = a 


r i nai Side (4), 


Bpanesee eee renee 


127.. By Seating in a inilay manner ‘with the 


result of Art. 123 we have 
49 462 4.62 
ae) 7) (1- 5m) 


= cos @=1— 








log (3 - ~) + log (1 a) + log (1 — A) 


@ 
+..clg [1-F+53 ~~ | 
oe as ciao 


—4P 71 1 1116/1 #1 #1 


ee — es 
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Hence, equating coefficients of 6? and 64, we have 


4/1 1.1 1 
~algtgtpt)o-% 
8/11 1 1 
-alptytgt-)=-p 
I 1 1 Ya 
and hence ip + 3a + 5B + oon 8 neacensancecsee( 1), 
j eee ees f a4 
and rt gtk + « 96 teeracrseounera (2) 


Ve 4 \ } 
—_— CvebrerrRense : ham 
; 7 ve 2 a 
Lee 28, Wallis’ Formula. “tbe Cm 
- 1 
In the expression of Art. 122 put O=5, and wa have 


1=5[1- z| [2- Z| [2 a ee ad inf. 


1.3 3.5 6.7  (2n—3)(2n-1) (2n~1) (2n+1) 
“2a at GF (ana 














where f is infinite, 
4 Po 
* x 2]. 42, 63.,, (@ny? : 
2.4.6..,... Qn ea ; 
he aA FON tD where n is infinite, 


It follows that when n is very great (bat not necessarily infinite) then 


2.4.6...,,,2n 
1.3.6.....(Qn—-1 Sa/ 3 (n+ 1) very nearly 
=x Vnw, ultimately. 


This is called Wallis’ Formula, and gives in a simple form a very near 
approach to the product of the first n even numbers divided by the first n 


odd numbers when n is very great, 
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129. Bx. Prove that 


- 1 1 1 
ton 080 ona tp =a Baap to] 
From Art. 123 we have 


407 
log cos #=log (1-5) +10 (1- R jinx) +10 (1-5 3) + seen 


In this equation substituting 64h for ¢ we have 
log cos (¢ + k) =log [2 - 4 {6+ ny? | +log [3-5 — Figs (9-+ 2)? | + ssccsrsmef2)s 
Now log cos (8+ 4) =log [o08 8 (cos A - tan @ sin &)] 
=log cos 8 + log [2 a at ~tan 6 (- Bt wenn) | (Art. 83) 


= log cos 0+og [1 --h tan 6+ higher powcra of h] 
=log aos @— % tan 8+ powers of A. (Art. 8.) 


4 w? 46 88h 
Also log[ 1-4 (6+ ny [slog +-10g [t-agpte | 
4 aeh 
=log [2 ~ =| - xi _ 4g t powers of A, 
and log [1~ 5-40 +7] 


463 80h 
zlog [2- 93,2 | — 3853 ae? +powers of h, 








OVA re Rat ot asntaseraig teparenaaa teoeen 


Substituting these values in (2) and equating on each side the ooeiii- 
cients of — A we have 


88 88 86 
tan 9=—— 462 + Zig? — 4g + Big? — 492 + eae vennes sees (3) 
==" 88 


gh (2r + 1)*r7- 498° 
The series (3) may also be written 


2 2 2 3 
00 = ie 3400 * Sy 80 ~ Be 4 20* 
[The student who is acquainted with the Differential Calculus will 
observe that equation (3) is obtained by differentiating (1} with respect 
to a) 
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750. Ex. — that 


coah, es cos 2d 


=2eint [145] [1+(,% = te ane 
[+ (£o)"] 0 (et) TL (et) at 


9 a 
w= 2 sin en[ i+ (53 





where r is zero or any positive or any negative integer. 
We have 


cosh 2a — cos 28 = 008 Zaz — cos 2022s sin (@+ ai) sin (6 — at) 


=2(0+ai)[ 1~ “ ee") [1- se 


x (@—ai) [2 = all [1 Cae nee (1), 


Now Pe oe) [1- {6 ~ ai} = 


[sete r- eae) [tes a be - 9 +a) 








Perres (r~ 6+a3 


2 * xe 
Hence (1) gives : 
cosh 2a - cos 29=2 (6 + a”) [a] [7] [= na = =] 
2x — 9)? ; 
Ory +e as. BG inf,...... (2). 


In (2) put 2=0 and we have 
, (+0) (w-8)2 (2948)? (29-9)! 
2 LJ CC hil 
2 sin? @= 297, wo gt * pe ge 
Dividing (2) by (3) we have 
cosh 2a — cos 29 


=aeinto [145 |[14+(%, =s) [p+ (a) 1+ GS) 
[3+ (s%c0) | _ad inf, 


The factors of cosh 2a+cos 29 may now be obtained by changing @ 


into 045 and they are found to be 2 cos? @ {i+ (Gen) where ¢ ig 
; Tr 
any odd jnteger, positive or negative. 
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EXAMPLES. XXL 





Prove that 
J: t 1.1 ii wr 
| i. BEB atRe Gat vsreee ad inf, =iTa° 
/, 1,1,1 (27)° 
2. get gat get en ad inf.=6 . 


+ - 

/ 1 3.6 10 
4, gat & atmt g =F sso es a0 inf, =H(!-5 

v5. Prove that the sum of the products, taken two and two together, 


of the reciproonls of tha squares of all odd numbers is ply 


384 * 
v 


\'6, Prove that the sum of the products, taken two and two together, 








f . x 
: 120° 
Prove that 
4, 1 2 ~— 39 
1. ORG a BT 
1 1 1 1 a | . 
=e 6-7 = O+n *. 0-Qa 7 +27 * voeoe. 0 inf, 
J 1441 1 1 1 1 1 
Be O8CCO=G ~ BE baat Gtx + o4ie Gan O4ae *™ 
, 1 oj" (-1)* 
2¢ Zz 
=-—+ Rives a ° 
and hence that 
1+@aosec@ 1 1 1 


274 =A powty ~ esses BO inf, 


1 Fi] é 
[ Use the relation cosee @ = 3 (tan 3 + cot 3) | 


1 1 8 5 . 
. 7,3 0= 3-7 9,7 aga 5,3 468 aii ad inf, 


Ti t) 6\ 7. 
[ Bee the relation 2 sec o=tan(7+5) +eo 5) 7 . 


[Exs. KXE}] INFINITE PRODUCTS. EXAMPLES. 159 





| Mn os 1 ‘ 
3 WO 78 Comat Gea ant + Ge a0)2t Ga poop t Od ine 
eo (Apply the process of Art. 129 to the result obtained in that article.] 
1 1 1 1 1 2 
ph ; 
LL. cosectO= a+ Gray t Ga wji t Bayt adapt A int 
oe Prove that 
dgg, me) _ -2)( ey je 
cane 12, sna . a tye : wa 
wx 9 ( __ 6 ) 
: (+272) aera) 
=It (1 - a) , where r is any positive or negative integer or zero. 





sill a 
integer, including zero. 


cos(a+e) 26 28 26 26 ) 
14, “goaa 1+ =F 9—) (1-5 nae) (1+ ay 20) G-5"5 


warner 


atTr 


) where r is any positive or negative 





26 : ‘. nas . 
=O [+s | , where r is any odd integer positive or negative. 





cos (a—@)_ 26 
15. cosa =n[ 1-57 
or negative. 


1 “Trooee Lt reap] [3 -enapl twee 
62 


[1 -ac—m| bedi 


, Where 7 is any odd integer, positive 


f 
a, eo mal 
where ¢ is any odd integer positive or negative. 


(AMfultiply together the results of Ezs.14 and 18 and then change 26 
and 2a into @ and a.] 


1. roe = LST fasta} 


" 9 # 
P-arnapt {aera ~~ 
=H [2 ~= Oe 
(a+rr)?_[’ 
where r is any even positive or negative integer, including zero. 
Hence deduce the factors of cosh x ~cos a. 
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rte) 


é 
oe +5" = =) (a < Or + sees 
19, Zeosh 6+2cosa 


=4 cos? = [2 + ae [2 + em} 


= 4 cos? 5u[1+ 


18 Sin ~ Bin 6 sin @ =(1-5 


pine @ 





@? 
{a+ wrap 
where 7 is any odd integer positive or ncgative. 
20. Prove that 





sinh? & 

a r=—n~1 3 
sinhnu=nainht TT | 1+ ; 

im sin? 7~ 

2n 


and deduce the expression for sinh u in the form of an infinite product of 
quadratio fastors in w. 


[Start with the result, when 0 is sero, of Ex. 1, Art. 121, Im this 
resuli put @ equal to zero and divide.] 


31, Prove that the value of the infinite product 


(2+ t) (+2 n) (1+3) ae ad inf. 


is — * sink we 


99. A semicircle is divided into m equal parts and a concentric and 
similarly situated semicircle is divided into n equal parts. Every point 
of section of one semicircle is joined to every point of section of the 
other. Find the arithmetic mean of the squares of the joining lines and 
prove pe when m and # are indefinitely increased the result is 


es 6s -—, , where a and 4 are the radii of the semicircles. 


ae. ‘The radii of an infinite series of concentric cizolep are a, 5 3° A eke 


From a point at a distance ¢ (>a) from their common centre a tangent 
is drawn to each circle, Prove that 


: ¢ . 7a 
sin 0; sin @, ain 4,,.,...— xan 


where 6,, 035 05...... are the angles that the tangents eubtend at the 
common centre. 
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94, An infinite straight line is divided by an infinite number of points 
into portions each of lengthe. If any point P be taken so that y is its 
distance from the straight line and 2 ia its distance measured along tha 
straight line from one of the points of division, prove that the sum of the 
squares of the reciprocals of the distances of the poiot P from all the 
points of division is 


sinh any 
on Soeeeneenteeiet cues 
*Y cosh cel cos spb 
a a 
(Use the result of Ex. 7.] 
95. Ifa, b, ¢..... denote all the prima numbers 2, 3, $...... prove that 


(0-2) Gedces, 
soa CS te meee 








26. Prove that 
F man _ 
Le m? — a| 
__¢__ sin{a fc*+z} 
= ci+z gin we 
1 : ? | ; 
oe) is ie fi ee | 7 
# ee i . f - maa . f wats 
e oy | ' ip 
: f fn +4 Ge oa 4. ff ae d —_ 
Am eae ; 
‘i ~c# “Can tA“ TS) - Co. 
pyle L Lt Cea | Leys ba ( ae 
h — 
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CHAPTER X, 
PRINCIPLE OF PROPORTIONAL PARTS. 


131. In the present chapter we shall consider the 
Principle of Proportional Parts, the truth of which we 
assumed in Chapter X1., Part 1 


We then assumed that if m be any number and 2 +1 
the next number, whose logarithms were given in our 
tables, and if A be any fraction, then, to 7 places of 
decimals, it is true that 


log (n+ h)—logn 


log (n+ 1}- logx is 
The truth of this statement we shall now consider. 


132. Common Logarithms. We have, by Art. 
12, 


logis (n + ) —log,yn = log," ** =p log, (1 + *) ; 
where pp = 43429448... 
Hence, by Art. 8, we have 


login (n + h) —_ logy, —_—— + > -. "#4 vee (1). 
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Now in seven-figure logarithm tables n contains 5 digits, 
4.¢, nis not less than 10000. Hence, if & be less than unity, 


4 
we have 1 less than 
2 n3 


5 (-43420448....) x an 


eo: lees than eee, he. < 0000000021... 


8 
Also 3 is less than one-ten thousandth part of this. 


Hence in (1) the omission of all the terms on the right- 
hand side after the first will make no difference at least as 
far as the seventh place of decimals. To seven places we 
therefore have ' 


log. (7 +h)—log,.n= .. 
So log. (1 + 1) — log guna Oe, 
Hence, by division, 

log,, (n +h) — log Fy 

log,.(n4+1)— login 


The principle assumed is therefore always true for the 
logarithms of numbers as given in seven-figure tables. 





133. We may enquire what is the smallest number in the tables to 
which we can safely apply the principle of proportional “pe We must 


find that value of 2 which makes & ae < a , 80 that n?> + - 107. ht, 
The greatest value of A being ae, we then have 


rm f 10, é.¢.>9171472°4,...- 


. a> 1473, 
The number 1478 is therefore the required least number. 


11—2 
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134, Natural Sines. Suppose we have a table 
calculated for successive differences of angles, such that 
the number of radians in these successive differences is h. 


[In the case of our ordinary tables & =number of 
radians in I’ 


ag , 
cox 1807 000290888..., te. h< 0003.) 


Also let & be less than &. Then our principle was that 
sin(@+k)—sin? k 
sin(O@+h)—sind fh’ 

We shall examine this assumption. 

We have 


sin (0 + &)—sin @=sin @ cos k +- cos @sin k — sin 0 

. ke ks ke . 
= sin @ [1- atEo | + cos @ [a ten |-sin 
(Aris, 32 and 33) 
Io. 
=k cos 6 — ao ge 


The ratio of the third term to the first 3h and this 


jaalways less than (0008, se, always leas than “00000002. 
The third and higher terms may therefore be safely neg- 
lected, and we have 


ain (0 + k)—sin @=kcos @ — fy sin 8 ene) 


The numerical ratio of the second term to the first 
term ‘ 
= 2 Atan e Beseesregueeeananwaten (2). 


cr ne re ee ee eee = ~. 


ss 
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7 
9 . 
Hence, except when the angle is nearly a right angle, the 
second term in (1) may be neglected, and we have 


sin (@ + &) —sin @ = k cos 8. 


This ratio is small, except when @ ts nearly equal to 


So sin (@ +h) —sin @=h cos @, 
sin{@+k)—sin? k 
and hence sin(@+h)—sin 6 pr ctecetetede aeavecn (3). 


When @ is very nearly a right angle we cannot say 
that 
sin (@ + &)—sin @=k cos 8, 


and hence in this case the relation (8) does not hold and 
the difference in the sine is not proportional to the 
difference in the angle. In this case then the differences 
are irregular. At the same time the differences are 


insensible; for, when @ is nearly 3 ‘cos @ is very small, 


In fact keos@ has nothing bub ciphers as far as the 
seventh place of decimals, so long as @ is within a few 
minutes of a right angle, Also 


(0008) 
2 


Hence when the angle is nearly a right angle a com- 
paratively small change in the sine will correspond to a 
comparatively large change in the angle; also at the same 
time these changes are irregular. 


Ban 6 is always < , 4.6, < "00000005... 


135. Natural Cosines. Since the cosine of an angle 
is equal to the sine of its complement this case reduces to 
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that of the sine. The principle is therefore true except 
when the angle is nearly zero, in which case the differences 
are insensible and irregular, 


136. Natural Tangents. With the same notation 
as before we have 


tan @+ tank tan & sec*@ 
tan (@ oe: Se =e 
ante) Els On = 7 aiaak aa a TE Ey 


= tank sect@(1 + tan @ tan & + tan?@ tan’ hk...) 


= soot [+S +. | [2 + tan 0 (b+ 5 +.) 


+ tan? 6 (kh) + | (Art, 34) 


sin @ 


=ksec’) +h 5p 





+ k? sec? ? E + tan? | + covooe (1). 


The third and higher terms may be omitted as before, 
except when @ is nearly a right angle, 
sin @ 
cos* 7 





Unless the quantity i be large we shall then 


have 
tan (2+ k)— tan @=k sec? 0.....s0se000(2), 


and the rule is approximately true. 
When @ is >F the second term of the equation (1) is 


> 2k, so that taking the greatest value of &, viz. about 
00038, this would give a significant figure in the seventh 
place, The principle is therefore not true for angles 


greater than ae when the differences of the tabulated 


angles are 1’. 
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187. Natural Cotangents. As in the last article 16 
can be shewn that the principle must not be relied upon 
for angles between 0 and 45°. 


138. Natural Secant. We have sec (@+k)—secé 


| 1 
cos @cosk—sinOsink cos @ 


Z 
T -—! 
1-ktan@— 5k... 





= sec 7 


= see 6 [eton o+% (5 +taut0) +... | 
=kscc 0 tan 0 + ltsee @(5 + tant 8) + ee . (1). 


The ratio of the second to the first term 


5 + tan? 0 


1 
= be me = E cot 6 + tan @ |. 


This is small except when @ is nearly zero or 7. Hence, 


2 


except in these two casea, we have 


sec (9 +k) —secd =k tan @ sec @ 
and the rule is proved. 
When @ is small the term /sec.é tan @ is very small, 
50 that the differences are imsensible besides being 
irregular. 
When @ is nearly 5 this term is gréat, so that the 


differences are not insensible. 
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139. Natural Cosecant. Just as in the case of the 
secant it may be shewn that the differences are insensible 
and irregular when @ ia nearly 90°, and irregular when @ 
is nearly zero, Otherwise the principle holds, 


140. Tabular Logarithmic Sine. We have 


: ve sin (8 + k) 
Ji sin (8 + &) — Z,, sin 6 = logy» 

2 wun 
(Arts. 32 and 33) 


= logy [cos k + cot @ sin £] = log, [2 +k cot @— at | | 


=p | eet G — gr g here... | (Arts. 8 and 12) 


= pk oot @ — He cose’ D ssez 


The numerical ratio of the second term to the first 
1 1 k 


3” ain O cos 8 ain 90" 
This is small except when @ is near zero or a right angle. 

Hence, with the exception of these two cases, we have 

Lsin (6+ k)— L sin @= p cot @ x b, 
so that the rule holds in general. 

If @ be small the term pk cot @ is large, 80 that the 
differences are large as well as irregular. We cannot 
therefore apply the principle to small angles in the case 
of tables constructed with difference of 1’, 

Even if the ,tables were constructed for differences of 
10” we are not sure of being free from error in the 7th 
place of decimals unless @ be > 5°, 
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74 are 





If ¢ be nearly 5 


both small, so that e the angle be nearly a a angle the 
differences are insensible as well as irregular. 


141. Tabular Logarithmic Cosine. The rule 
holds approximately, since the cosine is the complement. 
of the sine, except when the angle is small, in which case 
the differences are insensible as well as irregular, and 
except when the angle is nearly a right angle, in which 
case the differences are large. 


142, ‘Tabular Logarithmic Tangent. Here 
Ltan (0+ k)—Z£ tan = log, fan (0+ *) 
=lo 1+cot@tank _, 1+ ecoté@ 
5° _—tandtank °8"|T—ktané 
= logy ((1 + & cot @)(1+k tan 0+ k* tan? +...)] 


5 k ie 
= log [1+ sa gearp tat -~ | 


_ k ke 1 be 
ae | sxowat cos? 2sin?@costd * vs 
(Arts. 8 and 12) 

cos 20 
gin? 20 

The numerical ratio of the second term to the first 
=fcot 26. This is small except when @ is near zcro or a 
right angle. 

Hence, with the exception of these two cases, we have 


Ltan(@+k)-—L tan@= —~ watt, 


— Qk 





3-4 7 one 
sin @ cos 0 ne 


80 that the principle is in general true. 
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In each of the exceptional cases ae is not small, so 
sin 20 


that the differences are then irregular but not insensible, 
The same statements are true for the tabular loga- 
rithmic cotangent, 


143. Tabular Logarithmic Secant and Cose- 
cant. We have 
Lsec (6 + k) — Esec 6 = Ecos 0 — L cos (0 +k) 
and Lcosec(?+k)— Lcosec 6 = Lsin @—L sin (6 +b), 


Hence the results for the Z sin and Z cos are also true 
for the Z cosec and Z sec, 


CHAPTER XL 
ERRORS OF OBSERVATION, 


144. WE have up to the present assumed that it is 
possible to observe any angles perfectly accurately. In 
practice this is by no means the case, Our observations 
are liable to two classes of errors, one due to the instru- 
ments themselves, which are hardly ever in perfect adjust- 
ment, and the other class due to mistakes on the part of 
the observer. 


145, An error in any of our observations will clearly, 
in general, cause an error in the value of any quantity 
calculated from that observation. For example, if in Art. 
192, Part I, there be a small error in the value of a, there 
will be a consequent error in the value of « which, as 
we see from the result of that article, depends on a. 


146. The importance of an error in a length depends, 
in general, upon its ratio to that length. For example in 
measuring @ piece of wood, about six feet long, a mistake 
of one inch would be a very serious error; in measuring a 
mile racecourse a mistake of one inch would be not worth 
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considering ; whilst in measuring the distance from the 
Earth to the Moon an error of one inch would be abso- 
lately inappreciable, 


147. We shall assume that the errors we have to 
consider are so small that their squares (when measured 
in radians if they be angles) may be neglected and we 
shall give some examples of finding the errors in derived 
quantities, 

We shall assume that our tables and calculations are 
correct, so that we have not to deal with mistakes in 
calculation but only with errors in the original observa- 
tion, 


148, Ex. 1. MP (Fig, Art. 43, Part 1.) ts a vertical pole; ata 
point O distant a from ite foot ite angular elevation is found to be 0 and 
tts height then calculated; if there be an error 8 in the observation of 9, 
Jind the consequent error in the height. 
The calculated height h=a tan @, clearly. 
If the error 5 be in excess, the real elevation is @—3, and hence the 
real height 4’ =a tan (#—- 8). 
Hence the error h— A’=a tan @ ~ 2 tan (0 — 3) 
— Bia 6 
08 @ 008 (@ — 2) 
if we neglect squares and higher powars of 3. 
The ratio of the error to the calonlated height 
26 
gin 29° 
Except when sin 26 is small this ratio is small since dis small. It is 
rT 
4 * 


The ratio is large when # ia near zero and when it is near ; 


Hence a small mistake in the angle makes a relatively large mistake 
in the calculated result when the angle subtended ix very small or when 


=a seo" 8,3, 


= 6 300? 6=tan @= 


least when sin 20 ia greatest, i.e. when @ is 


it is very nearly 3 . 
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When @ is small, both the calculated height and the absolute error, 
viz, atan @ and asec?@.8, are small, but the latter is great compared 
with the former. 

When @ is nearly 90°, both these quantities are great. 


Hx. 2, The height of a tower is found as in Art. 192, Part I.; if 
there be an error 6 in excess in the angle a, find the corresponding correc- 
tion to be made in the height. 


_ The real value of a is a—@; henee the real value of tho height ia 
found by substituting a—@ for a in the obtained answer, and therefore 


=o 2B ere e ecineg sin a cos #— cos a sin @ 
sin (B-a+8) — sin (6 — a) cos @+c08(8 -a) sin @ 


—csin asin B 1-écota 
sin (8~a) “1+4+é@cot(s—a) 


_ aain asin B 


(Arts. 32 and 33) 


iin (ia) (2 — @ cota)[1 — 8 cot (8 — a) +...... ] 
Se [1 — {aot (8 — a}+cot a}} 
asin asin § 2 sin* g 


= gin (8 ~ a) “= Bin! (3 — a)* 
The error in the calculated height ig therefore 0 ores » and ia 
one of excess. 
Also the ratio of the error to the calculated height 


é sin g 
sin a sin (8 ~ a)” 


Bx. 8 The angles of a triangle are calculated from the sides ax=2, 
b=3, and c=4, but it is found that the side ¢ is overestimated by a small 
quantity 3; find the consequent errors in the angles. 


“ From the given values of the sides wa easily have 


ll 1 
con dA=s, so Bare, cos C=-j, 
ain A= 2Y 18 aV15 _ 4/15 
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Corresponding to the value 4 ~ 6, leé the vaines of the angles be 4 - 4, 


r _syt_ 9a 97 i 
Then cos (4-0) = t(4~ d-B _ 21-88 /, a) 


2(4-8.3 ~ 24 4 
. : 1 1 11 
i.e, cosd+cin A. =5q(%1-99)[1+7|=5,[2- 79], 
fArts, 32 and 33} 
7 2/15, 7% i 
—- ate Sa- 56% 
11/15 
86 that 4,.= _ “Ts0 rs) Keiduteedaneatnpessstucewedakcadiiveleal lps 


_(4—8)2429-89 11-837, 82 
Also 08 (B—é6)= “24-5.2 alas (a -;) ’ 


Wu , 1 1 21 
fe Ggtsin B.0= 55 [11-89] f+zl=m ["-F 3 |, 














he. — t= ~ 558, 
so that ey Meee ne eeeneere 6 
Also c08 (0-0) aot ae s%_ = a 83 
ie a3 ej e. 
8o that 64> sat 3. 
The errors in the angles are therefore 
aA 5, SE 5, ana SE 5 radions, 


so that the smallest angle bas the least error. 

We note, as might have been assumed a priori, that the sum of the 
errors in the three angles is zero, This is necessarily so, since the sum 
of the angles of any triangle is always two right angles. 


.» a 
.7 ee = 
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EXAMPLES. XXII. 


1, The height of a hill is found by measuring the angles of elevation 
aand § of the top and bottom of a tower of height b on the top of the 
hill. Prove that the error in the height A caused by an error @ in the 
measurement of the angle a is #@.cos 8 sec acoseo (a —f) times the cal- 
culated height of the hill. 


9. Ata distance of 100 feet from the foot of a tower the clevation of 
its top is found to be 30°; find the greatest and least errors in its 
calculated height dua to errors of 1’ and 6 inches in the elevation and 
distance respectively. 


3. Inthe example of Art. 196 (Part I.) find the errors in the calculated 
values of the flagstaff and tower due to an error 4 in the observed value of a. 

If a=1000 feet, a=30°, 8=15°, and there be an error of 1’ in the 
value of a, calculate the numerical value of these errors. 


4, AB is 6 vertical pole, and @D a horizontal line which when 
produced passes through B the foot of the pole. The tangents of the 
angles of elevation at C and D of the top of the pola ars found to be 
4 Fi - A ‘ : 

5 and : respectively, Find the height of the pole having given that 
CD=B85 feet. 

Prove that an error of 1’ in the determination of the elevation at D 
will causa an error of approximately 1 inch in the ealeulated height of 
the pole, 


5. ‘The elevation of the summit of a tower is observed to be a at a 
station 4 and £ at a atation B, which is at a distance ¢ from 4 in the direct 
horizontal line from the foot of the tower, and ita height is thus found to 

¢sin a sin 8 

“Win (a — A) feet. 

If 4B be measured not directly from the tower but horizontally and 
in direction inclined at a small ancle @ to the direct line shew thaf, to 
correct the height of the tower to the aecond order of small quantities, the 

. ¢cosasin? 8 9 
quantity soa Bain (aA) 2 must be subtracted, 

6. 4, B, and C are three given points on a straight line; D is 

another point whose distance from B is found by obsorving that the 


176 TRIGONOMETRY. (Bxs, XXII] 


angles ADB and CDB are equal and of an observed magnitude @; prove 
that the error in the calculated length of DB consequent on a small 
error 6 in the observed magnitude of 8, ig 
2ab (a +b)? sin ¢ 
(a3 +67 2ab cos 26)% 
approximately, where 4B=a and BC—bd. 


7. In measuring the three sides of a triangie small errors z and y 
are made in two of them, a and 5; prove that the error in the angle ¢ 


will be— : cot A —= cot B, and find the errors in the other angles, ~ 


8, In B triangle ABC we have given that approximately a= 36 feet, 
b=50 feet, and O=tan- S find what error in the given value of a will 


catige an error in the caleulated value of ¢ equal to that caused by an 
error of 5” in the measurement of C. 


9, A triangle is solved from the parts C=15°, a=,/6, and b=2 ‘ 
prove that an error of 10” in the value of C would cause an error of about 
13°66" in the calculated value of B. 


10, Two sides 5 and ¢ and the included angle 4 of a given triangle 
are supposed to be known; if there be a small error 6 in the value of the 
angle 4, prove that 

(1) the congequent error in the calanlated value of B is 
—@ sin B cos C coseo A radians, 
{2) the consequent error in the calculated value of a is ¢ sin B.8@, 
and (3) the consequent error in the caloulated area of the triangle is 
@ cot A times that area. 


11, There are errors in the sides a, b, and ¢ of a triangle equal to 
2, y, and z respectively; prove that the consequent error in the calculated 
value of the oircum-radius ig 


5 oot 4 cot Boot O (x 00 4 +y seo B +2 sea C). 


12. ‘The area of a triangle is found by measuring the lengtha of the 
sides and the limit of error possible, aither in excess or defect, in 
measuring any length is n times that length, where x is small, Prove that 
in the case of the triangle whose sides are measured as 110; 61, and 
69 yards, the limit to the error in tha deduced area of the triangle is 
about $:1433n times that area, 


Sa Sigmar Serene i eee rare area Gas ie es jme 
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18, The three sides of a triangle are measured and found to ba 
nearly equal. If the measurements can be wrong one per cent. in excess 
or defeat, prove that the greatest error that can arise in calculating one 
of the angles ia 80’ nearly. 


14, Itis observed that the elevation of the summit of a mountain at 
each corner of & plane horizontal equilateral triangle is a; prove that the 
height of the mountain is 


sya tana, 


where a is the aide of the triangle. If there be « sinall error n” in tha 
elevation at C, shew that the true height is 


1 Bin 2” 
a atane [1+ ee |. 





The Student, who is acquainted with the Differential Caleulus, will 
see that the results of some of the examples in this chapter may be more 
easily obtained by simple differentiation. 

Thus, in Ex. 2 of p. 173, the height x of the tower 

_asina sin 8 
~ gin (B-a) ° 

If 8 be constant, and a vary, then, by differentiation, 

cos a sin (8 ~ a) +sin a cos (8 — a) 


OF ain 
da” Ae gin? (8 ~ a) 


giving the small change éz in x due to a small change 6a in a. 


Again, in Ex. 7 of p. 176, we have 
a? +b? — ¢? 
2ab 0” 
Hence, ¢ being constant, we have, on differentiation, 
~ in C. aC a (2250+ 2bdb) . ad - (a? + 8 — c*) (add + B50) 


eos C = 





2a“b* 
_ 6. 2ae cos B.da+a.2be co3 A. db 
7 a y 
ccos B ccos 4 éa &u 
“ 6C= — ga .————- 8b, é Ss P= : 
ss ad sin C sad ab gin GO a Gone & nok 
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CHAPTER XII. 
MISCELLANEOUS PROPOSITIONS, 


Solution of a Cubic Equation. 
149. The standard form of a cubic equation is 
y' + 8ay* + Bby +c=0. 
Put y=2—a, and this equation becomes 
a — 3 (a?— b) @ + (2a* — 3ab+.¢) =0, 
t.e. it becomes of the form 
BP — BGA GHD ...craceceessecnes (1). 


Hence any cubic equation can be reduced to the form 
(1), which has no term containing 2%, 


— 150. To solve the equation « —3pr+q=0, 
Put a=, and we have 


# —3pn*z+ qn?=0 ..... ounpavnene (2). 
Now, by Art. 107, we always have 
cos 30 = 4 cos’ ? — 3 cos A, 


so that cost — 3 cos O— 7 C0880 = U..se0sssees.(3) 
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Now (2) and (3) are the same equation if 


z=cos@, 3pr?= , and — 4 cos 30 = grt 


4 
Hence a= (7) 
and therefore cos 30 — 49( Zo) -oone eeeaes serves (4). 


The equation (4) can always be solved (by means of 
the tables if necessary) if 


p be positive, and 4q ) <1, 
he. if gq? < 4p°. 


[The student who is acquainted with the Theory of Equations will 
notice that is the case which cannot be solved by Cardan’s Method. It 
_ ig the case when the roots of the original cubic are all real, } 


If @ be the smallest angle satisfying equation (4), then 


the values O+ = and 6+ = 
also satisfy it, so that the roots of the equation 
a -—3p2+q=0 
are * cos a, x cos (0+ =) , and = cos (+ 3) ‘ 


i.e. 2fpeos 6, 2.4/p cos (9+ ==), and 2 /p cos (2 mE =) : 
{See also Hx, 81, Page 203.] 
161. Ex. Solve the equation 
2 + §2*+924+3=0, 
Pat z=y—- 2, and the equation becomes 
y®-3y+1=0. 
12—2 
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Put y=* , and the equation ig 
8 = Bn®z + WP aD as sciascessebienbssecuntcvscsasi(L)s 
8 1 
Now cos? 6 “a cos e aed 4 cos BO=0..., evecerseses Pperrrere ti 
Equations (1} and (2) are the same if 


a=c03 4, a Bnd -—- d ct 30=n7}3, 


4 4 
tz. if n=) , 
and 00s 38 = — 5 =008 LOU: sp exces suinecsincecval {3). 


The roots of (3) are clearly 
40°, 40°+120°, and 40°+ 240°, 
so that #=¢08 40°, or aos 160°, or cos 280°. 
“. y=2Zcos 40°, or 2008 160°, or 2 cos 280°. 
* gG=y—2= —2+200840°, or -2-2008 20°, or ~242 cos 0°. 
On referring to the tables we then have the values of z. 


EXAMPLES, XXIII 
Solve the equations 
i. 2 -32r-1=0, 9. «+82?-1=0, 3. z*-24e-32=0. 
4, a-62'+62+8=0, § 29-212+7=0. 
6, o3+427+ 2e-1=0. 7. x°-72+6=0. 


Maximum and Minimum Values. 


152. In Art. 133, Part 1, we have given one example 
of the maximum value of a trigonometrical expression. 
We add another example, 


If «wand y be two positive angles whose sum is a constant 
angle a(>a), find when einasiny is a macimum, and 
extend the theorem to more than two angles. 
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We have 2sinzsiny=2sinawsin({a—2) 
= 00s (a — 2x) — cos a@. 

Hence 2sinzsiny is greatest when cos(a—2z) is 
greatest, .¢e. when a= 22, and therefore 
a 
2 . 

The product is therefore greatest when the angles « 
and y¥ are equal. 

Let there be three angles a, y, aud z whose sum is 
equal to a constant angle 8( 1). If, in the product 

sin & sin ¥ sin z, 
any two of the angles 2 and y be unequal, we can, by the 
preceding part of the article, increase the product by 
substituting for both # and y half their sum without 
increasing or diminishing the sum of the angles. 

Hence so long as the angles a, y, and z are unequal, 
we can increase the given product by thus making the 
angles approach to equality. 

The maximum value will therefore be obtained when 
the angles 2, y, and z are equal. 


This argument can clearly be applied whatever be the 
number of the angles 2, y, z.... 


c=y>= 


153. We can now shew that the maaimum triangle 
that can be inscribed in a given circle is equilateral. 

For, if A be the radius of the circle, we have (as in 
Ex. xxxvi. 10, Part I.) the area of the triangle 

= 2H’ sin A sin B sin C, 
where 4 +B+C= 27, a constant angle. By the preced- 
ing article it follows that the triangle is greatest when 
A=B=G@, 


182 TRIGONOMETRY. 


154. Ex. Find the minimum positive value of the 
quantity a* tan x + b? cot a. 

Let v tang +b coba=y, 
so that a tanta —y.tange+h?=0, 

Solving this quadratic equation, we have 

tang = Yt Vy — 400? : 
2a* 

Since tan « is real the quantity under the radical sign 
must be positive, so that y* must bs > 40%? 

Hence the least value of y is 2a, and the corresponding 


value of tan a is a" 


EXAMPLES. XXIV. 


1. If 2+y bea given angle, less than 7, prove that 
{1} einz+siny, ond (2) coszcosy 
both have their greatest values when «=y. i 


9. Iiz+y bes given angle, < 5) prove that both cos ¢+cos y and 


cos*2-+cos*y have their greatest values when z=y, 
Find the greatest, or least, values of 


2 cos 6 3 
3, a te 4, asecd—btana. 


cosec’ 6 — cot ? 6 
5. conecta + cote" : 
J, asec? e+ b? cosec? @, 
If <+y be equal to a given angle 2a, which is less than z, find the 
minimum value of . 


8, tanz+tan y. 


a? gin? é 4 b? cosec’ é. 


g, secxr+sa0y. 
We can easily prove that 


1 i 
BOO 1 ++ 620 y =KOOS « Lcaer) —5In a + cos rama ° 
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10, If z+y=a, where ia tie find when tan x tan y is a maxiiaum, 


2 cos a 


[ We have 1— tan z tan y= Siar 


1], Prove that the maximum triangle having a given perimeter is 
equilateral. 


[ he area of a triangle oan be proved to equal s? tan ‘ tau Btan e .| 


12, Hfz,y,z... be angles whose sum is equal to a given angle, and if 
each of the angles be positive and Jess than a right angle, prove that the 
product cos x cos ¥ cos Z...... is greatest when the angles are equal. 


13. IWfABC bea triangle, prove that the quantities sin 4 +sin B+ein C 
and sin Asin BsinG have their greatest valuea when the triangle is 
equilateral, 


14. Provo that the area of the pedal triangle of an acute-angled 
triangle is never greater than one quarter of the area of the latter. 


15, If ABC bea triangle, prove that the least value of 
cos 2.4 + cos 2B + cos 20 is — ; * 


Prove also that coa.4+cos B+coe C is always >1 and nof greater 


; 3 
than 3° 


16, If ABC bea triangle, prove that the quantities 
cot d+cot B+cotC and cot#d + cot?B + cot?? 
both have their least value when the triangle is equilaterel, 


On the geometrical representation of complex 
quantities. 


“155. In Chap. IV., Part I., we pointed out that if a 
distance in any direction (say, horizontally towards the 
right) be represented by a, then —a represents the same 
distance drawn in an opposite direction, i.e. horizontally 
towards the left. 
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The effect of prefixing — to a is therefore (Fig. 
Art. 48, Part L) to rotate OA in the positive direction 
through two right angles. The operation —1 performed 
on @ therefore means turning @ through two right angles. 


“156. Now ¥—1 x V¥—1 =-1; hence whatever mean- 
ing we give to the operation V—1 it must be such that 
performing that operation twice shall be the same thing as 
performing the operation — 1, 

Let us therefore assign to the operation ¥—1 the 
turning any length through one right angle in the 
positive direction. Performing the operation ¥—1 on a 
twice will therefore, as it should do, turn a through two 
tight angles. 

Hence, with this interpretation, Y— 1a means a line 
drawn at right angles to the line denoted by a. 


» 157. We can now shew what is denoted by 
a+v—1 Y. 

Draw OX and OF two lines at right angles. Measure 
along OX a distance OM equal to # and 
then draw MP parallel to OY and equal 
to y, so that AfP represents V¥—1 y. 
Then P is the point that represents the 
quantity #+”V—1y, or, again, we may o MX 
say that OP is the line representing this quantity, 


We have OP = VOM?+ MP? = Va? + yj, 


MP y 
= tin. tape 
and <2 MOP =tan OM tan = 


< 
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Hence the length of OP represents the modulus and 
MOP the principal value of the Amplitude of «+7y. 
(Art. 18.) 

D "158, Addition of two complex quantities. 
“Let OP represent the complex quantity #-+7%y and 
OQ represent u +2, so that 
ON=a,NP=y, OM = x, 
and MQ = v. 

Complete the parallelogram 
OP RQ, and draw RL perpendicu- 
lar to OX and PS perpendicular to RL. 

Since PR is equal and parallel to OQ, we have 

NL=PS=0M, and SR = MQ. 





Hence OL=O0N + NL=2+4, 
and LR=18+SR=y+2. 
Therefore OR represents the complex quantity 
a+utrz(y+v), 


so that the sum of two complex quantities is repre- 
sented by the diagonal of the parallelogram whose two 
adjacent sides represent the two given complex quantities. 


49° Let ee 
aie a+ iy=r (cos O+ising), & 
as in Art, 18, 
Then 


(cos a + ¢ sin a) (@ +7y) =r (cos a + 7 sin a) (cos 8 +7 sin 8) 
=r [cos (a + @) + ¢sin (a + 9)]......... (1). 
Now 7 [cos @ +74 sin 6] 
means, with our interpretation, a line of length r drawn at 
an angle @ with OX. 
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Also r [cos (a + @)+tsin(a+ 8)] 
means a line of the same length r drawn at an angle a +6 
with OX (Art. 157), 

Hence, by (1), the effect of multiplying 2+ by 
cos a@+7sin «is to turn through an angle a the line that 
represents «+ wy. 


“160. Geometrical meaning of De Moivre’s Theorem. 
The quantity 
(cos a+% sin a) (cos 8+¢ sin 8) (cos y +7 sin y)(cos +4 sin $) 
means the line represented by cos$+7sin 8 turned first 
through an angle y, then through @, and finally through 


a, 1.¢, altogether turned through « + 8+ +¥. 

But this total operation gives the same line as 

[cos(a+ B+ y)+ isin (a+ B + -¥)] [cos § +7 sin 8} 

Similarly for any number of factors. 

Hence De Moivre’s Theorem expresses algebraically 
the geometrical fact that to turn a line through a number 
of angles successively has the same effect as turning the 
line through an angle equal to the sum of the angles, 


mx. Tho three cube roots of unity are easily found to be 


2 Qa 
ape Sytem D, cos gti Bin 7 


and 008 s+ sin =i 


ao that we bave 
{cos 0 +¢ sin 0} (cos O+7 sin 0} (cos 0 +7 sin 0)=1, 


(con 5+ ésin 3) (cos J+ isin (cos e+e sin 3) 


3 
and cos <= +ésin T) (cos °F +ésin $F) (co Z + icin 2) = 1, 


J. 
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The first of these equations states that turning a line three times in 
suesession through a zero angle gives the original line. 
The second states that turning it three times in sucosasion through 


an angle 3 » (i.e. altogether through 2x) gives the original line. 

The third states that turning it threa times in succession through an 
angle elt (i.e. altogether through 4x) gives the original line. 

These statements are all clearly true. 


grr 


161. Multiplication of two complex quantities. 


If a+ty =r (cos? +7 sin 6), 
and u+ iv =p (cos d + tain Pp), 
we have 


(u +1) (a + ty) = rp [cos (8 + &) +2 sin (2 + 4)|. 


The effect of multiplying a complex quantity 2+ 7 
by another u+tv is therefore to turn the line repre- 
senting # + ty through an angle 


48 
) E é, tan =| ‘ 
and to alter its length in the ratio 
1:p,te1:Vve4u%4 


Hence the multiplying of one complex quantity by 
another is represented by “a turning and a stretching.” 
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MISCELLANEOUS EXAMPLES, XXV. 


1, Prove that the equation tan «= %2 has an infinite number of rea) 
roots. 


%. If A, Band @ be the angles of a triangle, prove that 


1-8cos 4 cos Boos C 
is always positive. 


3, Ifaand @ be the imaginary cube roots of unity prove that 


z 
ae + eh? — -¢ 3 [spain ve + con Vo? * 


nearly, the error in the left-hand member being nearly 50 radians. 


5. If cos (6 + id) =se0 (2 +78), whore a, 8, &, and ¢ are all real, prove 


that md 
tanh? ¢ cosh? 8=sin?@ and tanh? cosh? ¢=sin* 9, 


6. It #=2 cosa cosh 8 and y=2sina sinh §, 
prove that 


se (a +78) + Bec (a — if) Sa : 


: : 4i 
and fe0 (a + %8) — seo (a -@=ay 3 
7, Prove that 
gin” @ cos né+nsin*~! ¢ cos (n— 1) @ sin (6 - 4) 
+ RAD) sind 9 009 (n— 2) 6 sin? (8 ~ 9) + oun. +8ine (0-9) 
=pin" @ cong, 
§, Prove that the roots of the equation 
x” sin 20 -— nv*—! ain (nO + gh) + min D aa-2 ain {n0 +29) 
seven. to (n+1) torms=0, 
are givon by T=s81D (0+ $-k=) cosec (9-k=), 


where n ia an integer and k has any integral valze from 0 torn-1. 


(Misc. Exs, XXV.} EXAMPLES, 189 


§, Prove that the eum to infinity of the series 
sin 42 =? + Ly ey 

2 #8 2.4 6 anes 
is @, if @ be aoute, and, generally, is nr +(—1)* 6, where n is po chosen 


that nr+(—1)" 6 lies between — 3 and +3. 


10. If the aro of a circle of radius unity be divided into n equal arcs, 
and right-angled isosceles triangles be described on the chorda of these arcs 
as hypothenuses and have their vertices outwards, prove that when n is 
indefinitely increased the limit of the product of the distances of the 

a 
vertices from the centre is ¢*, where « is the angle subtended by the are 
at the centro. 


11. The sides of a regular polygon of n sides, which is inscribed in a 
circle, meet the tangent at any point P of the circle in 4, B, C, D...... 
Prove that the product P4.PB.PC.PD...... sa" tanné or a®, according 
as m is odd or even, where a ia the radius of the circle and @ is the 
angle which the line joining P to an angular point subtends at the 
circumference. 

12, Aregular polygon of n sides is inscribed in a circle and from any 
point in the ciroumference chords are drawn to the angular points; if 
these chords ba denoted by ¢,, cs, ...¢,, beginning with the chord drawn 
to the nearest angular point and taking the rest in order, prove that the 
quantity 

€y Cyt Cys + oe FCy—10n — Cnty 
is independent of the position of the point from which the chords are 
drawn. 


13. Aseries of radii divide the circumference of a circle into 2n equal 
parts; prove that the product of the perpendicnlars let fall from any 


point of the circumference upon n successive radii is 
: acer 
yi §1n né, 


where ¢ ia the radiua of the circle and @ is the augle between one of the 
extreme of these radii and the radius to the given point. 


14. If s regular polygon of n sides be inscribed in a circle, and J be 
the length of the chord joining any fixed point on the circle to one of the 
angular points of the polygon, prove that 

ZE™ = na’ 


m 22 
ifa}* 
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15, ABCD.., is a regular polygon of n sides which is inseribed in a 
circle, whose radius ia a and whose centre ia O; prove that the product of 
the distances of ifs angular points from a straight line at right angles to 
O4 and at a distance b(>a) from the centre is 


on [ cos G sin-} ;) ~sin® G sin? 5] - 


18. Prove that there is one, and only one, solution of the equation 


&=cos @ and that it ia leas than 7 


17, Prove that the general value of @ which satisfies the equation 
(cos 9+7 sin ¢) (cos 20 +i sin 26) ...... to mn factors=1 


is path here m is any integer. 
PUES | aad \¥ HZer, 


18, Prove that 


er pea 2 {142} +(3)} {1+(3)}. sun ad inf, 


19, Prove that 


145+ et Bt ad inf.=5 [4 +26°# 00s (4°) ]- 
20, Shew that 


zt x 1° 
Ta Ts ease inf, 
i : me f3_ =z) 
=a Re 3 ( con = 3 Jdein —F~ }« 
9], Shew that the sum of the series 
-L 


= [ 1 * 1 is Bxrt 

(r—1) sj 729 

oat 8r—1) (3r + 1) G23 
29, Prove that 

on dor 6x l4r Wr =o 

cos 7, +0087, +008 Ty +. »-eos —— 17 = +608 7 = 3 


29 An lar 164 
and seo Tr +Ke0 77 +. +80 Fr +86 F7 =8. - 
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aS, If a=it » prove that the values of 


_ cos a+cos5a+ cos 17¢ 
and cos lla + cos 18a +cos 19a 


ave respectively vot and —- ce ‘ 


24, Prove that 
tana tan (a+) +tan(a+) 


+ tan (o+3) +tan («+ F) a5 tan 5a, 


25. Shew that the equation whose roots are tan ;: 
number ineluding unity lesa than and prime to 15, is 


a? — 9225+ 13424— 287341=0, 


where r is any 


26. From the sum of the geries 
sin 29 - 5 ain 4+50in 60 ~... od inf, 
or otherwise, shew that 


1 . 
= + 5h ieee ad inf. 


27, Assuming equation (4) of Art. 58, shew that 
2sint@ 2.4 sinté 


= 1572 es ae a, 
@2=sin' ats a + 3 gt stteene 


28, Prove thag 
1 _anhe 2 == 1 1 
2zcoshz—cosa at+ 27 ny (Gnw— a)? +22 * (Qn $a)t ez? : 


29, Prove that the general value of sinh—'z is 
tka +(~ 1} log(x+./14 27], 


where & is any integer, 


30. The side BC of o square ABCD ig produced indefinitely, and 
along it are measured CC,, 0,C,, C,C,,... each equal to BC. 
If 0, 04, Os,... be the angles BAC,, BAC,, BAG,,.....- , prove that 
-  sin@, sind, sin ¢,... ad int. <2, / ™ 


¢ 
er —@¢ 7 
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Sl. If py, pe, ...... p, be the distances of the vertices of a regular 
polygon of x sidea from any point P in its plane, prove that 
1 1 1 n pin _ git 
pi pe tere tp 2 ph gl sae Ba®cosnd pam’ 
where a is the radius of the circumcircle of the polygon, x» is the distance 
of P from its centre O and @ is the angle that OP makes with the radius 
to any angular point of the polygon. 
32. If é@+¢+y~=27, prove that 
cos? #+ cos? d+ cos? ¥ — 2 cos 6 cos pcos Y=1. 
Hence deduce the relation between the lengths of the six straight 
lines joining four points which are in one plane. 
33. Shew that the general value of log (-1) is (2241) ri, and point 
out the fatlacy in the following ; 
log, (- 1) =4 loge ( ~ 1)? = 3 log, 1 =0; 
*, -Llae=1. 


. t= © 

34. Prove that the series 2 2" sinh{n+1)a is convergent if z is 
n=t 

numerisally less than e—«, a being assumed to be positive, and that the 


= 00 
sum is sinh a/(1- 2x cosha+.x*}; but that the series Z 2* sin (n+1) «a is 
== 
convergent provided that x is numerically less than unity, the sum 
being sin «/(1 -2x cos a+ 2%). 


35. Assuming the formula for sin @ in factors, prove that 


£ wv wv £7) NE + WE 
(i+) (1-3) (1 +7) (1 -7) (14%) wae = COB 3 tw sins 


where the signs nlternate in the factors and the denominators are the odd 
integers not divisible by 3 in ascending order. 

Shew that l-a+R- Gite to o =TNe 

36. A point is taken in the plane of a regular polygon of m sides at 
a distance ¢ from the centre and on the line joining the centre to a vertex, 
and the radius of the inseribed circle is 7 Shew that the product of the 
distances of the point from the sides of the polygou is 


en ra errs La ee 
gu= a OO” ras < » We>sr, 


C cz n t , 
and is guna COSD? 5 cosh7] ae ife=<a, 
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ADDITIONAL MISCELLANEOUS EXAMPLES. 


, If (a, + byt) (a9 +8, 2)... (@, +b, 7}=4+ Bi, prove that 


tan— bh than bs +...+$an7 Yn = ten-! — 7 
ay A’ 


[Use De Moivre's ied 


9, When = is small, shew that 
> = 
log sin v=loge-= - 180 . 


3, Shew that 
sinh (8 -— y)+sinh (y— a} +sinh (a - 


=4 sinh £57 sinh a-B 


qm, 
sinh 5 








2 
4, Prove that the circular measure of an angle ¢ is equal to the sum 
of a constant and one of the two series 


1 1 
aes 8 ss 5gn 
tan # 3 tan o+, tan G=-...,; 


- cot O43 cot? a5 cot'é+.,., 
distinguishing the cases. 
Give the constants for the angles 49° and 200°. 
§. Sum the series 


x2 
iat Te 


al - F +... to infinity. 


68. Prove that 
ee | z+1 
coth-? z= 5 1 og 5 7 


Expand coth-! 2 in a series of powers of x, 


7, Shew that 
5 si 1 1 
2cop a —2cos a-2 cosa—...—2cosa +p 


_ sinrzat psin(n—-lje + 
~ sin (n+1)a4p sin ag’ 
there being 2 quotients on the left-hand side. 
[Use the method of Induction.] 


L. T. IL 13 
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8, Shew that the geometric mean of the cosines of n acute angles is 
never greater than the cosine of the arithmetic mean of the angles. 





9, Find all the cube roots of 88+ 16 ./-1 having given that, when 
tan @=2, then tan 3027 ‘ 


10. Find the limit to which 

ging  ,—-sing _ Stan = 
tauz-=z 

tends as z tenda towards zero, 


é 


1]. Prova that 
(i) 2 tan [ fa-% b ae pacer toto oe COs & 
a+b a+t cosa? 


Jb+a+fb-a tan = 





we b+4 con Z 
—_— a) es 
(ii) log liza " Jewton 2 = cosh sabcoe: 
a 2 
12, Find the sum of the series 
Le sin 2z~ = i a j »». ad inf, 





for all values of x between 0 and z. 


13. Prove that the sum of n—-—1 terme of the sericea 
tan 2 tan 2a+ tan 2a tan 3a +tan 3a tan de .. 
is equal to tan na cot a-n. 
Deduce the sum of the series 


1.24+2.34+3.44+.., te (n—1) terms. 


14, Prove that 
vax4 , 386.100.196.824 .., 
~ 8,85.99.195.823.,. ° 


3 8.80. 284.440... 
and thet = 9 ei.295. 441... 
[Use the result af Art, 123.] 
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15, A triengular pieco of ground is surveyed and the sides measured 
as 200, 300, and 400 links respectively; but the measnrivg chain has 
worn ao that its real length is 2°/, greater than its nominal length, 
Find the error in the oaleulated area of the triangle in square feet, if 
100 links =66 feet, 


18, In any triangle, show that the radius of the inscribed circle is 
never greater than half the radius of the circumscribed circle, 


{Use the Corollary of Art. 204, Part I.) 





17, If c=cos¢+./—1 sin @, prove that 
Meds d. 
2+ 24+ Q2n4+ *" 

= {cos 0+cos? at -cos 6+/—-1 [(cos 8 — cos? @)2 - sin @}. 


>. ad inf. 


18. Prove Snellius’ formula, that « differs from 


3 sin 2r 


——...______. 4z* near] 
2 (2+cos 2x) 7B I 


when # is small. 
19. Shew that 
tan—! («53)= = logs. 
c+a@ 2 z 


20. Sum to infinity the series 


vi + 19 31 + 
1.3.5 °5.7.9' 9.41.13 °°" 
the nemerators being in arithmetical progression. 


Ll 


[ Put a7 in the result of Art. 94. | 


21, Sum to infinity the series 
cos@ cos2é@ cos 36 
1.2* oa + ovate 
22. Sum to n terme the series 
fana+2 tan 20+ tan 2744... 


sin 6 5 : . : 
23. Expand imsin a con} 12 % Series of sines of multiples of 8, 


13—2 


\ 
” 
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24. Scum the series 
> An+B 
n= (+2) (+8) (n+) ° 
z [Break into partial fractions and use Page 158, Ex, 7.]J 








cul fib. If cos 6 + cos gd +c03 Y=0, and siné+sin ¢+sin y=, 
+ ha cos 3 + cos 3¢ + cos 8y— 3 cos (0+ 64 y)=0, 
tnd 


Bin 36 + sin 3¢ + ain 3y - 3 sin (6+ 6+ 4) =0. 


26, Shew that the angle whose sine is i differs from the seventh 
part of two right angles by less than the thousandth part of radian. 
27, Shew that the area of a segment of a cirele of height A, 


bounded by a chord of length «, is ? hc, if powers of : above the first be 
neglected, 
98. Shew that the solutions of the equation sinh x=sinha are all 
included in the expression 
nait+(-1)*a. 
29, It = lies hetween 0 and 2m, prove that 


sin?z singr sin 4¢ 7 
1.8 t 2.4 +375 t+ Mint 


or . = 
= 7 sins [ 1- 4 log (2 sin 5): 


80. Given that tan (¢ + 6) cos 2a = tan @, 
prove that 


é=tan*¢ sin 26+ ; tan‘ a sin 46+ : tan® a sin 6¢ + ..,0 


$1, The area of & triangle is determined by measurements which 
give 6=125 feet, c—160 feel, 4=57° 35’. Another set of measurements 
Give b43=125°5 feet, c,=161 fest, 4d,=57° 25’. Find the percentage 
difference between the second determination of the area and the first. 


32, Find the maximum value of 
ain {a — 8} +sin (8 —-y) +-sin (y— a). 


[Consider the maximum area of a triangle ABC inscribed tn a2 circle of 
centre O, where OA, OB, OC make angles a, 8, y with a fired line.) 





yr 


cme. 


» 


Ls 


iho Pos 
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93, From the identity 
at B3 c® 
(a= b (=e) * Ba) (=<) * Ea) (o-)=™ 
deduce the identities 
Z cos 3 (a + 8} sin (8 - y} 
=4 008 (30-+a+ 8+) sin (8 - +) sin (y—«) sin (a — 8), 
and Zsin 8 {a+ 4) sin (8 — y} 
=4 sin (3¢+2+8+-y) sin (8 - y) sin (y - a) sin (a — 8). 
[Put a=cos (2a + 20) + 2% sin (20 +28) ete.] 


84, Prove that tan 7-24 tan 5 differs from 4 sin #—-15z by a 


- } quantity of the seventh order at least. 


1°85, If a be the length of the chord of acireular are, and b that of 
ithe chord of half the are, prove that the length of the are is 

8b-a 

3 
If c be the length of the chord of one quarter of the arc, prove that 

@ nearer approzimation is 
a — 408 + 256¢ 
45 


If the aro be a quadrant, shew that these approximations give the value 
of w correct to 2 and 5 places of decimals respectively, 





approximately. 


36. If log, log, (« + iy}—p+ig, then 
y=x tan {tan g log, /x7+y?}. 


87, Prove that 





cos’ # cos? é cos 86 oo BE 
cog? ~ ——— + —___- ,,. ~ a ee 
3 + 5 ves «608 F B + 5 
1 cos?@ cos’ g < 1 — 008.28 | cos 40 . 





aE ee 


38. Find the sum of the series 


ain 9 seo 39 + sin 3¢ sea 3°9 + sin 34¢ seo 3°¢ +... to n terms. 
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39. Ina triangle 4BC, if b<a, shew that 


d b, a 1d. 
{i} B=- sin C+ — qa Sin 2C +5 qe BC+... 


2 $ 
nm a 
and (ii} & sinnB=n~sino+2@+)) Yin og 
n(n+t41)(n4+2) b , 
as Tr ae la 


40, The sides of « triangle are observed to be a =2, 5=3, c=4, but 
it is known that there is a small error in the measurement of ¢; find 
which angle can be found with the greatest acouracy. 





L- 41, From the identity 
o(t—P)(e—d) , pg (t~e)(e-a) , o(m-a)(z—d) 
(a — 6){a — ¢} (h-e)(6-a} fe~a)(c-—by 
obtain the identities 
sin (6 — &) ein (@— y) 
8in (a — 8} sin {a —-+y) 
sin {8 — 8}sin (f - y) 


and sin 2 (@+ a) gin (a 8) sin (a—¥) + two similar terms=sin 4@, 


cos 2(@+a) + two similar terms=cos 40, 


e? gin @ cos ¢ 
42, If tan (@- p= Toesinte’ and ¢ be small, prove that 





ae rae , 
$=O-5 ain 26-5 (2 sin 20 - sin 40) +.... 


43. If cos (5 sin 6 )=sin (cone ), 
shew that @ has four sets of values given by 


3 .,..4n —1+¥ bin*-8n-1 
0=(2m+2)rsilog 7a 7 





where m and 1 are any integera, positive or negative, and m may be 
algo zero. 
What is the solution when n=0? 


44, Find the sum to n terma of the series 


e é 
tan ? tants +2 tan ; tan? ate tan gi tan? get sacs 
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45, Ifcot a2 oot 6, expand ¢ in 4 series proceeding by ascending 
powers of z. 
§. Shew that the sum to infinity of the series 
1,2 2.8 38.4 
oe ee 
: x? (12 — 7) 
18 364 . 
[Use Art. 127.] 
47. Evaluate the continued fraction 


pM, got ee, 
cot2@— oot O-...-col2™19— tands" 








cot @ —- 


48, Prove that in any plane triangle the value of 
tan B tan CG + tan Ctan 4+ tan 4 tanB 
cannot lis between 0 and 9. 


[Shew that the expression=1+sec A secBsecC and then apply the 
method of Art. 152.) 


49, If cos z=o08 (2 +2) cos A+ sin (+z) sin Acosh, where z and A 
are 60 small that powers higher than their cubes may be nezlected, 
shew that 


z=Acosh~ 5 Atoot s sin? h +5 A® cos h ain? h. 


50, Prove that if : 
(1 +i tan a) +? 08 
can have real values, one of them is 


(pec aser . 


51, Sum to 2 terma the series 


cot 2a " cot 3a - cot 4a 
T—cos* 2a sec*a ° 1-008? 3a sec*a * 1—cost4anecta 


§2, Prove that 
a/ 1+ 008008 = (l- et) -44 ~ e 8-4, 
and deduce an expaveion of 


1 é 
a af 1+c0000 8 


in cosines of multiples of @. 
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53, Prove that 
tn — 7)? roan = 
Grrr (sr i: [=> tane!2 De) 
2 r=] 4n 
[Use the first formula of Art. 120,] 
54. Find the sum of the series 
1 1 1 : 
i .o2t aga t gz_qa + -.. ad inf. 


55, Shew that the area of the greatest triangle, whose base is } and 
: 7 : : +b? 
the ratio of whose sides is r, is 3 Gam" 





56, Shew by a graph that the equation sin e=tanh « has an infinite 
uurober of real roots, and that the large positive roots occur in pairs one 
a little leas and the other a little greater than (2p +4) a, where p is a 
large positive integer. 

ee 

57. Regular polygons of » sides are inscribed in and circumscribed 
to @ circle, Show that, if n be large, by taking the mean of the pori- 
meters we get a negrer approximation to r than we should get by taking 


we 
the mean of the areas by about ida’ 


58. A-regular polygon of n aides is inscribed in a sirele of radius a; 
prove that the sum of the reciprocals of the distances of the angular 
points of the polygon from a tangent to the circla ig 

a 
x cosec? 2@, 
where 2 is the angle which a radius drawn to the point of conigot of the 
tangent makes with the radius drawn to one of the angular points of 
the polygon. 


69, Shew that the principal value of 


(a + dijPrat 


(a — bi)P-e 
is cos 2(pa+g log r)+i sin 2 (pa tq logr), 
where r=va?+oi, and a=tant®, 


60. Sum to nv terms the seriag 


6 e 
cose # + cosec gt coseo at ease 
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61, Sum to n terms the series 


1 1 1 


T-taubatanh 2a’ i-tanh2atanh4a + i-tanb datauh Get” 


62. Shew that 


sin @ am : 
————__ ——— = = y* sect? sin 1) 6, 
1 —2y+y?sec 6 wy sec"? gin (72 +1) 






63. Prove that 
x x Wf 1 
(5 +1 - + 3 G aE 3 
a4 ~ @ ai 
(7 +4) (Fie) Gta) ~ 


64. Prove that 


2 49 4@ 4@ 40 
sin 0-+c080=(14 31 m+) - iz) ‘uty 


and deduce that 





1 7 eee | 1 aie 

ee i er S 

[ 7 the result of Exe. XXI, No. 13 put a=4. Then take logarithms 

and equate the coefficients of powers of 0. | 

65, Bhew that 

Qa 237 4x 5a a 
Ai 3 rdial | pal alae 
cos ait COs it 8 Wo it } u 


66. If s=sin 4 » Shew that z is & root of the equation 
6425 — Ofixt 4.3627- 8-0, 
and write down the other roots of the equation. 
67, Show that the roots of the equation 
y* — 9° ~ By! + 6y9 + By? - 8¥41=0 


are the values of 200s — a? where 7 has either of the values 2, 4, 8, 10, 
16, 20, 
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68. If T+iy=b (cos #+ 1 sin 8) {cos 6+2s8in &) 


+¢ (cosy ++ sin y) (cos 6 —c sin 8), 
where 3, 8, ¢, y are real constants and «, ¥, @ real variables, shew that 
as @ varies the point (2, y) describes a conic section. 


2 Be? , eF , 
69, If p= ?—2e sin 0+—7 sin 26 ~~ sin 38, 


2 
prove that @=—¢+2esin ¢+ ve sin 26 +s (13 sin 3¢ — 3 sin 4), 
where powers of e above the third are neglected. 


70, Prove that, if powers of @ beyond the fifth be neglected, then 


aD siete asi 
@=2sin e+ a/ (sin o~2 sin 3) + (1 — cos 6}4, 


771i. If A, B, C, D be four consecutive vertices of a regular heptagon 
inscribed in ® cirele of radius unity, prove that 


AC+4AD- AB=,/7, 
72, Prove that 
ec nd ote eae 
ee es 
Sat, SOat | 7288 
Be ee 


73, Lf nis odd, prove that 


and secdia= 14+ 





Qa 4 (t-1)r 1 
\ Hebe Fedel 8 ae in — 2), 
cot On tO SF +... +00t Tn rae 1) (n - 2) 
74. If # be even, prove that 
Pill » Sx a(m-Ur line 
cot’ an toot On to t Sot on =52(n 1). 
75. If x ia an even integer, prove that 
2n-B3)r =n 
4 © sect 9 4 goon 8 af rae 
sec 3 + sec’ On t See +... +860 2n 3 


76. Prove that 
rn-1 
Z seo? (a+ 2 ) 
r—0 % 
ia equal to n? sec? na, or to ; 
rc 





1 (~ 1}? cos na 
socording as n is odd or even, 
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77, By equating the cooflicients of n* in equation (4) of Art. 62, 
prove that 


Ligatap=t.24(3 ete (3 1 yee 


Prajaastlptmt ms sag gte: 


978, Solve the equation sinh z=8z by a graphic solution, and thence 
obtain @ nearer approximation by analytical methods, 


79, Solve the equation e*=3r by a graphic solution, and thence 
obiain nearer approximations to the answers by analytical methods, 


z xz 


shew that cos x cosh x=1, 


By means of a graph and the Tables, shew that the smallest root of 
this equation is 4-730 approximately, and find roughly the values of the 
other roots, 


81. EH two of the roots of the cubic 2*- 8pr+q=0 are imaginary, 
60 that 9?>4p*, shew that (i) if p be negative, the roots are 


o/-4 cinhu, /—p[-sinhu+i,/3 cosh], 


where FO Te ee. Se 





and (ii), if p be positive and g be negative, the roots are 


af 4p cosh tz, Jp{- cosh w+i ,/3 sinh w], 


1 ¢@ 
where cosh 3u= -—. —“—. 
2p Jp 
_. ad Int 
82. If ge =a (cosa+i sina), 


shew that the gencral value of z is r (cos @+i sin 6}, 


wh nee (2n7 +a) sina+loga cosa 


@ ? 


avid ox (ler ta) cos a—loga sin a 


a 


83. Criticise the fallacy 
= (e~ Mt [e@= 9) t}t = ¢%— 2, 
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1 
84, If sa (2a+ls, 


where » has any positive integral value, prove that the solutions of the 
equation tanz—=z are approximately 





% 
+ (2-0-8 
a 
1 1 1 1 7-2 
eo. tre ital “8 8.6 s9 Tt 
1 1 1 1 aA/f2-4 
and 5.6 9.9°il.is "ist: = ~a 


1 _ 
[ For the second part, tn the expansion of log i— putexifi= ] 


Sum to n terms the serias: 








86 sin 3a sin 5a sin Ta 
: cus 2acosda  cos4dacosGa " cos bacos8a."*" 
tan} @ 1 tan’ 39 1 tan’ $4 
87, i—Stan’o +3 id tantaet 1-3 tan?3%9 °°" 
88 1+2 cos 24 1+2cos da 1+2 cos 8a 
. sin 4a sin 8a sin léa be 
89. Boos 5 +28 cos 5 cos 8, + 2%¢08 900% 009+... 
0 2 cos @ - cos 38 2 eos 38 — cos 829 
90. sin 3d sin 379 
on-i 2 cos 8°12 — cos 379 
a sin 376 ; 
8sinz—sin$e2 S8sin 3e¢ - sin 372 $ sin 89-1 z — gin 3%z 
91. cos 3x 3 cos 3% so 3°-! gos 88 x 
gin a sin 84 bin de + 
92, cos 2a 00820 cos da ‘ cos da a08 Ga" 


gin @ sin 34 sin 98 


93. cos @—cos 2@ ' cos 3@—cos6@ | cos 96 —cos 196 Wess 


sin ax sin 6z ain 122 
94. ain xsin? 22% «sin 2e sin’?dz ~~ gin 4zsin*? 82° ”*° 
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1 
95, tan 20 tan*0+ — tan 26 tant20 +. +s tan2"6 tan? “27-7640... 


12 12 12 
114 -1 22% - : 
96. tan $i + tan yg te t tan a6325¢ °°" 


4 4 4 
-1 -1 = = ee ee 
07, tan 7 tian ig? + tan a3 at 


98, tanh—!x+tanh~ 








ici. =. 4+ tanh 5 3-5 Byte 


_, _7eine _, «ein 20 
99, tan fecceo 1+2% cos 20 


asin 40 asin 86 
tan~?! 


ah ar akg a ee A 
— l+zxtcos dat 1+ 25 cos 8¢ 


é 8 e oe a ¢ e 
100. cosh 5+? cosh 5 cosh at oe $2"! cosh 5 cosh ae cosh = , 


1 6 @ 1 8 an 1 8 é 
101, 3g coseo 5 3 cot — 3 += mp coset 55 cot ~— ga + 38 coses me eot ait 


102, Sum to infinity the series whose rth term is 


ale cos7é tan’ @. 


[7 
103, Prove that 
0—sin ¢ cos 6=2 ain ¢ gin? 542? sin £ sin? 


2 e 
fi , 
+ 2? gin Fein? 5+ ... ad inf, 
104, Shew that 
t a 
nse _), 2 1 
n=lon—1 cos a 610 28 8 


ga-l 
105, Shew that 


tr 1 4 8 ‘i Pi 

—= ta ~1. -] =} -1 

ry o gt tan 5+ tan aq + tan Ip te to infinity, 
and that 


aoe 2 4 8 1 
7 = tan“! -+tan~! — — a1 To, 
i= 5 tan 9 +tan ag 7 tan Tag t tan is 
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106, Shew that 
"Stat (2) 88, 
=] R 4 
107, Prove that 
T 


cot! 2 + cot~? 8 + cot-1 184 cot-1 324... to w =|" 


108, Find the eum of the oo series 


4 
Bat +6? 4 pattie 
109, Shew that 

x ais zi 


e+e +o 


7 tig +t ig t---94 int. 


ES (l+z)? (l+2+ 24 JB o/8 
(l-# ~a)* e+e! ayant) 6 tan "tT 7° 
110, Find the sum of the series 

11 1 1 1. 1 


— 
p——4 


i +5 9°15 17 a3 357° ad inf. 
111. Prove that 
1 1 1 4+ 800? 3B4 
+, iat Rt Br ieee to inf. =--— 
113. Prove that 
om —to4 i 1 ; T wr 1 
{1} Tit#@tipet 1412 +Typaat ad inf= 5 coth7-5, 
and that a 
1 1 = l x - 
(2) ¥-1tg-it ey: -ad inf.= 5 — 5 coth 5 


[Use the result of Ex. 7, ats 168.) 


113. Prove that 
i 3 


3 Reta a = 
422” Saye + eyes Adinf => sech >, 


and that 
3 5 q ti 
oat Box ~ Baa Fpget ++. ad inf, 
T n% 2 
= 272° — seoh -y . 
[ a8 the relation in Ea. 9, Page 158, ae — 7-5 and — its 


for 0. | 
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Ais When a is even, prove that 


(ie ots 
Gran —@ Jae II (284 tant =). 
rl 
Deduce that 
Se (m— 1) _ 


Der 
tan i tan = , an an . tan mh 


A15. Prove that 
(1+2)"— (1-2) 
2x 


= (2+ tan? =) (2* + tan’® =). (es + tan® =) ’ 


where r=3 (n-1), and n is odd. 





116, Shbew that the infinite product 











1 1 1 
lig : l+55 . 1+ . 

1 1 i 7 
+a Mag tia 


is equal to sech (5 7/3) sinh x, 


117. If a, 8, y... denote the prime numbers 2, 3, 5 ..., prove that 
a?—a-3 s*- p73 : 7 4 
ey Tyat Bylse to infinity; . 
118, Two reguiar polygons of n sides 4,, Ag... Ay, By, By... B, are 
inseribed in the same circle of radius a. Prove that 


(4, B= =2gn" gin” . i 


where r and s have all values from 1 to n, and @ is the angle between a 
pair of radii drawn one to a corner of each polygon. 


119. ABCD... isa regular polygon of sides, inscribed in a circle 
of radius a and centre O; shew that the sum of the angles that 
AP, FP, CP...... make with OP is 

a* sin nO 


n7 
- a? cos nd — +r"? 


where OP =r and 4 AOP=@, 


[4s in Art. 119 break z™~— a™ seenesn sin né into linear factors, and 
apply the theorem of Ex. 1, Page 193,] 
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120, Along a tangent to a circle are measured from the point of 
contact f distances BB, B, By ... equal to the diameter of the circle 
and C,, C, ... are the middle points of these distances, From A, the 
other end of the diameter through 2, lines are drawn to the points 
B,, By... Cy, Cy.., meeting the circle in 8, by... ¢,¢,....  Shew that 
the product of the chords Bb,, Bb, ... bears to the product of the chorda 
Be,, Beg... the ratio 

f/x coth ii, 

121. Shew that 


= ieee =e 2zy 
tan (tanh y cot z)=tan-! =o z tan-} iat att gy 

Two pointe, P and Q, at a distance 2d apart are at the same distancec 
from a straight line and are also equidistant from one of an infinite series 
of points uniformly distributed along the line at distances a apart. 
Shew the sum, @, of the angles that PQ subtends at the points is such that 


tan ae tan ae coth 2S | 
2 a a 
[Take sin (x+ iy) in factors (Art. 122) and apply the theorem of Ex. 1, 
Page 193.] 


123. Prove that 
ae a 1 *)_ cosh r~cos 7/8 
n=l aaa | = aah w.f2—cos #,/2- 
[in equation (2) of Art. 130 first put 2a=2 and 26=27,/3; next put 
2a=7,/2 and 20=n/2, Divide one result by the other.] 


123. Shew that the sum fo infinity of the series 
q 2 
tan—! n7+fan—) 7 + tani at ive 
tan a—fanh a 
tan a+ tanh a 


[Start with the result of Art. 122 and put @=nw./—i.] 


nT 
is tan—i » where a= wae 


124, Prove that 
z a 
tan— n?+tan@? mt tan-! nit ... ad inf.=tan—! (tan @ tanh @), 


where = 973 . 
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125, Prove thet 
tan™! (cot @ coth ¢) + tan! [cot ( o+ =) coth ¢] 
2x 
+ tan“! [ cot (0+ =) coth | +.., to » terms 


is tan— (cot n# cothnrd), or tan {cot né tanh ng), 


according aa n is odd or even, 


[Use the result of Ex. 21, Page 146. ] 
126. Find the sum of the infinite series 
1 1 1 
-1 = -1 Boalt ~~} =. . 
tan— I + tan gat tan Ba tos ad inf, 
[Start with equation (2) of Art. 180 and put 2a=2¢=r/2. Mi] 


127, Prove that 


tan-e— tan" = 2+tan- zo ... ad inf, = tan~} (tanh 7) ; 
[ Put a=F and =" in Ex. 18 of Page 159. | 


128. If z be a positive fraction, and if tan-!y mean the least positive 
angle whose tangent is y, prove that 


recat _) (@r+1)}z a - 4. Wt ra f3 
- 1 1 ilo . 
z= (-I) tan (r+ ijp—aim tan sinh ~7- sec q | 





129, If ABC be an acute-angled triangle, shew that 
sin 4 +sin B+sin C>cos 4+cos B+ 00s C, 
130, The internal bisectors of the angles 4, B, C of a triangle meet 


the opposite sides at D, FE, and F. Shew that the area of the triangle 
DEF cannot exceed one-fourth of the area of the triangle ABC. 


131. If § lie between 0 and 5 , Shew that aa @ increases from 0 to B 


the expression § sin @-@ sin § first continually increases and then con- 
tinually decreases, 


L. T. IL. 14 
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132. Prove that the determinant 
cos@, i, 0, 0, na 0 
1, 2cos# 1, OO, ,., 1) 
0, 1, 2cosé@, 1, ... rt) 
0, 0, -» I, 2cos@, “TS 
53 me - OO, 1, Seosé 


of n rows and columns ig equal to cos nd, 


133, Shew that the nth convergent to the continued fraction 


1 1 1 
2tana+ 2tana+ 2tune+°” 
(tan a4 Bec a)” ~ (tan « — see a)” 


ig 
(tan @ + sec a)"*) — (tan a — secq)* ti” 
134, Shew that the ath convergent to the continued fraction 
__ seota Becta sect a 
2-2tan?a~ 2-2tan?a- 2-Btawta— 
= sin 2na 


cob’ a sin (22+ 2)a" 


135. Prove that 
sec’ a pec? a Ket? « Bet 8 a 
ic” As. i. t= 


to r quotients is equal to 








sin ra 
2 ain (r+1)a cosa” 


136, Shew that 


[Zn the following Examples it will be found convenient to use the 
Differential Calculus.) 


137. Prove that 
r 2x 
cot? ¢ + aot* (o+2) +cot? (9+) +... to m terme 
=n’ cosec’ ng cok nd — n cot Kd. 


[Differentiate twice the result of Ez. 6 of Page 73.] 
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188. The two equal sides of an isosceles triangle are giver in 
jength; shew that when the radius of the inscribed circle is a maximum 
the angle between the equal sides is 76°, to the nearest degres, 


139, Sum ton terme the series 


1 zz 
> sec? — +} 


‘ 1 7 1 2 
geo"? a+ — 8e6 3 t qi see at Zs gs bese 


4 2 
140. Sum tho series 


loos3@ 1.3 cos 50 
cos 0+ = 


37-3 *2-4 Bt ad inf, 


gh? 


141. Express 


with denominators quadratic in 2. 


142. Shew that 
coor 1 I 1 1 1 
pnts a? * (gaa (oa) * (edde) * (oop te 
[Differentiate the result of Ex. 11, Page 159.] 


x3 22" cosné+1 as the sum of a partial fractions 


143. An infinite straight line is divided by an infinite number of 
points into portions each of lengtha. Prove that the sum of the fourth 
powara of the reciprocals of the distances of a point O on the line from 
all the pointa of division is 


- (3 cosec* a eee = ; 

a a a 

where b ia the distance of O from some one of the points of division. 
[Differentiate twice the result of Ez. 11, Page 159.) 


144, Prove that 
— 1 w/2 sinhwr,/2+sin rz,/2 1 


wi +24 4x3 ‘cosh rz./2—cos wt f2 2x4" 
[In equation (2) of Art. 130 put 22=20=wa./3; then take logarithms, 
and differentiate with respect to z.] 


14—2 


“Son 


ANSWERS TO PART II. 


I. (Pages 9—11,) 
8. log, 2. 9. log, 3 —log, 2. 


IL (Pages 24—26.) 
ee 
/2 (cos$+ésin 7). 


v2 [om(-$9)+8a0(-2)]). 


5a . . 5a 3.4 
2 [coe +i ain I. 4, B[Eti§ + 
f2+1 ; I =| 
Jt+2,/2 aaa Firat 
Da 


(,/6 — ,/2) os oe + sin 27 |. 

cos (106 + 12a) — é sin (109 + 12a). 

cos (a + 8—y—8)+tsin (a + B—y—8), 
cos 1076 —¢ sin 1078. 10. —L. 
sin (4a + 58)—~7 cos (4a + 5). 

a-¢ r+G+d 

5 ———.. 





2+] sin® cos % 5 
+ - ¢ (ome ssi sla 
cos 5 + ésin[; 0 pita 5° 
Til, (Page 30.) 
—1+34,/3 ; $44 ~/3 42 
i ante % +*; Nest, s+ u 


12 12 


+4, Br ener 10)" where + =I or 3. 


+ (cos FF + dein FF i) where r= 3, 7, or 11, 


TRIGONOMETRY. (PART II.) li 
5. +2/2 (cos FF =, +18in i) where r= I, 9, or 17, 


6. 3/2048 | con +éain |. where r= 5, 11, or 17. 


i) 
% +2 oos Ty — i sin , where r=1 or 7. 


& 2 cos 75 + tain Tal where ¢ = 1, 13, or 25. 


9 4/4 | co Fs +7sin it where r =— 1, 5,11, 17, or 23, 
10. +2 and + 2, 
Il. 2, and 2 | cos = +i sin =| ; where r= 2 or 4. 


5 
12. -1024. 13. eal we. 





and + 


Tr ee 
16. +1, +i, (cos§ + ising), and 4 (cos F4ésin 5). 
The last four values, 


17. =) ene cos + isin, where r= 1, 3, or 5. 


18. = cos J iain, + (cosF+isin 7), 
and + ei ein 
+ (cos + tein). 


& 
4 


19. 24/2 cos where r=1, 7, or 13. 


\ IW. (ages 36, 37.) 
5 tan? — 10\tan* 8 + tan’ @ 


. 1~ 10 tan*@ + 5 tan‘ @ 

"7 7 tan 0 — 35 tdn® @ + 21 tan’ @— tan’ 6 

: 1 — 21 tan? @ 4 35 tan‘@-7T tan’? * 

8 9 tan @— 84 tan®@ + 126 tan'@~36 tan’ 6 + tan® 


1 = 36 tan’ 6 + 126 tan‘ @ — 84 tan® 6 +9 tan®9 


ere. 


7. 


ANSWERS. 
V. (Pages 46—48.) 
3°48'51”, 7, - gs 7. 9 * a } 





mi a 2° 
a a3 + ab +}? 
3. 12 7a 13. 0. 1 - ae P 
1 1 25 
ge 16. 2 17. -=%: 18 “Tih 
ni ~ m} I 
- 2 * ; 20, 2 - * 21. 60 
; Lats 23. 24. 24 0 
WU 
log ; 26. 4, 27. 98, —9 
_# 
l 50. 0 3l. 1, 32. ¢ 7, 
8 1 
0. 37. 6 , — 6 ra 


VI. (Pages 52, 63.) . 
of — 5524 + 33027 — 462094 1652 —11=0, 


IX. (Page 73.) 
= cos nf, (x odd) ; a [(- 1)! — cos v6], (n even). 
(-1) * 3 sinnd,(nodd); (-1)F sazi(1~00806), (neven). 
n? coaec? n8, (n odd) ; 57 coscct™4, (meven). 
nized —m, (nodd); n*+[1 — (— 1)¥cos nf] —n,(n even). 
—n cot (F +08). 6. ncotné. 


(- 1)? tan 28, (x odd}; (— 1), (nm even). 
n* cot? (F+ n6) +n(n—1). 


TRIGONOMETRY. (PART IL.) 1Vv 


10. Oor : = = » according as » is odd or even. 
(— 1)" cos nO — 1 


XI, (Pages 86-- 88.) 

17, cosa cosh 8—¢sina sinh £, 
sin 2a — 4 sinh 28 
cosh 28 — cos 2a ° 

sin a cosh 8—i cos asinh 8 

cosh 28 — cos 2a : 

20 g cosa cosh B+ ¢sin a sinh 8 

; cos 22 + cosh 28 . 
21. sinh «cos 8 +4 cosh asin f. 
sinh 2a + isin 28 
cosh 2a + cos 28 * 
23 9 cosh a cos # —tsinh asin 8 

; cosh 2a + cos 23 : 

XII. (Page 92.) 


I Pear a Hoel according as cos @ is positive or 
aia | q 8 {Tsind? 8 P 





2, sin~"(,/sin 6) + ¢ log | /1 +sin 0 — /sin é. 
XIU. (Page 99.) | 
15. ; log (9 +) + ¢ tan =, where 


1, cosh 2y—cos 2 
wes log — and v= tan" (cot # tanh y). 
XV. (Pages 112, 113.) 
L 3. 2, 2. 3. 5, 4. -1, 5. —8, 
XVi. (Pages 117, 118.) 
1 4 sing 


B—4d cosa’ 
2, 0, provided a does not equal a multiple of x. 


15. 


16. 


ANSWERS. 


sin* a 4 sin a (coda — sin a) 
1— sin 2a +sin?a° 1— sin 24 +sin* a 
sin ¢ —¢ sin (a— 8) — — o*sin(a +28) +0"+1sin {a+ (n—1) 8}. 
1 — 2¢ cos 8 +c? ; 
sin a — ¢ sin (a — §) 


1-2 cosB+e * 
1 —e¢ cosh a— c* cosh na + c*#? cosh (7 — la 
1— 2c coshat+ ce ; 


e sinh a 
1 — 2¢ cosh a +e" 
cos a+ (— 1)*-? {( + 1) cos (n — 1) a+ cos nat 
2 (1 + cosa) 
sin a+ (Co +8) sie ne Gn 1) sin (n+1)a 
2 (1 — cos a) 


0, if n=4m or 4m+3, and 1, if m=4m+1 or 4m +2; 
O, if w= 4m or dm +1, and —1, if n=4m42 or 4m+3. 


(2 cos 5) «sin (a+ 40). | 
(2 sin o)~+sin ( + 3)» eibeok whales he. 


0, if » be odd ; (— 1)? ain* a, if be even. 


(gain 5)". sin (“ —™), if nm bo <i. 


{cos 6 (1 + cos 6), if @ be between —F and +3. 
(2 cosh = 3) sinh ®*? 
XVIE. (Pages 121—123.) 


eA sin (a + ¢ ain £). 2 6°S? cos (a +csin f). 
270088 0088 cos (cos a sin f). 


COD 


10, 


11, 


12. 


13. 


14, 


16. 


Or zero, 


17. 


18. 


TRIGONOMETRY. (PART IL.) v1 


sin a cos (cos £} cosh (sin 8) 
~ 03 a. 8in (cos 8) sinh (sin f). 
sin (cos 8) cosh (sin 8) cos (a — f3) 
— cos (cos 8) sinh (sin @) sin (a — f). 
e°5* cosh (sinh a). 7 65° sinh (sinh a). 
e¥os(ins) cos {y ain (sin a)}, where y= ¢*, 


2 0900084) os fy sin (cosa)}, where y= 6"2*, 


gos {cos (@ + sin 6) + 4 cos (sin 6)} 


+ ; eo 8? feos (8 — sin 8) — 4 cos (sin 6)}. 


esina 
1+e¢cosa 
3 ban? 205i 8 , except when c= 1 and a =z, 


-] » except when c= 1 and a =(2n+1) 2. 


1) 1+ 2¢ cosa +e? 

4 "6 T-Qecosate’ 

1 2c cos a 1 14+ 2csina+e¢ 
~ tan = ie Ealtcstencinatiadih 
= l-¢ ° 1s. 41°S | Oegina xe 
Po ee 


4° "4 





+ , or O according as cosa is positive, negative, 


2ecos8 1 Zesin 8 


codala: B) tan” oe — 5 8in(a—f) tanh lea’ 


2 
a+B 
2 














* log (sin cosee “5, except when a+ 8 is a 


multiple of 2z, 


19, 


20. 


22. 


Sim oie bo 


dog (1 +c) %,/1+ 2c cos 2a + of}, 


21, “s tan~? (cos B cosech a), 


[2/3 log, (2 + /3) =}. 


a 


ANSWERS. 
XVIII. (Pages 125, 126.) 


g 
cot = — cot 2*-1 @, 2. cosec 8 {cot 6 — cot (m+ 1) 6}. 


2 
cosec @ {tan (n +1) @—tan 6}, 
cosec ¢ {tan (8 + nd) — tan 9}. 


5 eosee a {tan (n +1) a—tan a}. 


S,= 














1 @ 1 
gai ‘* =i 5 a5 


2 coth 26 — 





a5 gn-i° 

4 

gn tan 6, 

sin 8 (cot # — cot 2"6). 

sin 20+(—1) <1 sin gnrg, 


gn+i 


tan 6—tan — 





sin 20-57, sin 28, 


5( — 6 
cosec — { sec @ — sec a, 


4 
S,= 1 tan 2°.— 2tana. 


2 
1 
2 
1 





a gai -1 
= a cos 6 + +) cos 3 a} : 
73" sin & — sin 6 . 


[3"tan 3° 0— tan d] 


5 [cot 8 — 3" oot 3* 6] 
tan-? {(n +1) (m+ 2)}—ten-12. 


-1 ~I : 1_” 
tan—'(n+1)—tan~"1, s6. tan ee 





* ee T 
S, = tan 2*—tan71; J =F: 





coth —— 6 8. tan 2*@—tané@ 


22. 


Pf 2S 


where 


14 


15. 


TRIGONOMETRY. (PART 11) vil 


S,=sin11 —sin-? L_,; S.=5- 


Jntl’ 
XIX. (Pages 131, 132.) 
1—a cos 0 + @ cos 26—a* cos 36 +... ad inf. 


cos + a cos (6+ ) +a" cos (8+ 26) +... ad inf. 
sin $+ a@ sin (6+ ) + a7 sin (64+ 26)+... ad inf. 


2 


c08 0 + a.008 (+ 9) + 5 08 (0+ 26) +15 c05 (0+ 34) 





+... ad in£ 


76 sin fb + 7 Qh + ca 3+... ad inf,, 


td 
r=+,/a%+ 5? and go tan2, 


008 a— 5 2 sin 2a— 2a cos 3a+ +a sin da 


tha! cos 5a —.., ad inf. 


2+ y—re=— cos.asin z— 5 costa sin 2x— 5 cos*a sin 3x 
—... ad inf. 
(1) m= tan’ 5 ; (2) m=-— tan‘ a, 
— log 2— sin 26+ 1 cos 46 + Lsin 64 —~2 c08 88 
2 3 4 
oa 100+... ad inf. 


5 
i 1, 1. ’ 
2 sin @— sin 30 +5 sin 60... ad inf, |. 
x ££ i . 7-5) i 
2 [cos 8 tan q73 — 5 cos 28 tan G 5 + oes 


+ og cos (7-5), if 0<P<5. 


18. 
29. 


ANSWERS, 
ZX. (Pages 144146.) 
n| 2+ 2a cos (3r + 1 + 1], where r=0, 1, or 2, 
11| 2% — 22 cos (6 + 1) Ht 1], where 7=0, 1, 2, or 8. 
11[ 2? ~ 22 008 (Br + Nit], 
r=Q, 1, 2, 3, or 4 
| 2 22 cos (87 +1)5 + 1], 
r=0, 1, 2, 3, 4, or 5. 
uf: "— 2 cos (6r +2) 57 + 1], 
r=0, 1, 2, 3, 4,5, or 6. 
(e—1)11[ 2 2x 005 aay 1], where r=1 or 2, 


nf *— 2a cos (2r-+1) 7 + 1], where r=0, l, or 2 
(e—1)11[ 2*— 22 cos = + 1], where r=1, 2, or 3. 


(w+ 1)11| 24 26008 (2r +1) + 1], 
r=0, l, 2, or 3. 
(a — 1) 1 22 22008 rt 1], where r= 1, 2, 3, or 4, 
(a+1)0 [2 22.c08 (2r+1) + i], 
r=0, 1, ...5. 
(xt~1)11[ 2*— 220 coe 4+ 1], where r=1, 2, ...6, 


11 24 — 2x 008 (2r-+ 1) 55 + 1, where r=0, I, 3, ...9. 
Take the logarithm of both sides of the expression of 


Art. 115 reading + instead of 2; differentiate with respect tar 
and then integrate with respect to 6. 


Ae 


ergo Bo pe 


an 


ease wid 2a jane. 


TRIGONOMETRY. (PART II.) x 


XXII. (Pages 175, 
+ ‘32746... ft., and + °24989., 
@ cos 28 a @ sin* oe 8: 
cos* (a + 22) cos? (a + 28) 


se and 5 (2— =ve ™ feet, 





ouin B aa 
- ra inches, 
XRT. (Page 180.) 

~1, and : ive ‘ 

—~ 1+2Zcos 40°, —1+2 cos 160°, and ~1 +2 cos 280°. 

—4, and 2+ 2,/3, 4, 4, and 1+ ,/3. 

2/7 cos 6, where 6 = 33° 37’ 52”, 153° 37’ 52”, and 
973° 37’ 52", 

~34+ 0M 2/10 cos ?, where @= 39° 55 51”, 159° 6’ 51”, and 

279° 5’ 51”, 

: 21 cos 0, where @= 44° 50' 49”, 164° 50’ 49”, and 

284° 50’ 49”, 


AXIV. (Page 182.) 
The expression cannot lie between 2 and — 2. 
The least value is ,/a? — 6°, provided that a> 6, 
The greatest and least values are 3 and le Salah 
The least value is 22d, 
If @ and 4 have the same signs, the least value is (a+6)* 
2 tan a. 9. seca. 


xl 


ANSWERS, 


MISCELLANEOUS EXAMPLES. (Pages 193—211.) 


4, 


5. 
9. 


12, 


15, 


21, 


2—xsin « — cos, 6. za tagete: 
2-41; 1423 40(2F,/9). 10, —2. 
qsing, fO<a<2; 0, ife=5; Z 
511-18 sq. ft, 20. 1-5. 
8 


1 — (1 - cos 6) log (2 sin 5) - “sin 6; unless 6 be 


T T . «2 7 
— q Sina, if 5 <a <n, 


a multiple of 27, when the sum is unity. 


22. 
23, 


24. 


31. 


40. 


45. 
47. 
dl. 


52, 


54. 


cot a — 2" cot 2* a, 





[tan $ sin 6+ tan? = sin 26 + a}. 


sina 2 


@=9 C= aes) [(Aa— B) (b—c) cotwa+ ...+...]. 








6t.. 92 2V8, 9a, J fan 3r@—tand]. 
A. 44. tan @— 2° tan ©. 

Fr : 1 2’ , I 2g , 
gin 6° 1D O~ 5 Gavg sin 20 + 5 Sag sin 30-.... 
tan 6, 
eee 1 1 
2sinalsinasin2a sin(n+1)asin(n+ 2)a| 

1 1.38 1.3.5 
1+ 5 cos + 57 cos 26+ 5~7 cos 80 +..., 
© 3%, 60. cot — cot 8 


3 2” 


97, 


100, 


101. 
102. 


108, 


110. 


TRIGONOMETRY. (PART II.) xii 
cosh (% + l)a.sinh ra 
~~ ginha . 
15121; 6191. 80. 7-8; 11:0; ltl... 


} cosec a [sec (27 + 2) a ~ sec 2a], 


78. 3-840, 


apa 


sin 3a cosec a cosec 2a 
—sin(3 2a) cosce 2" a cosec 2*t" a, 


q (gratan3*6— Stan 6), 


sin @ [cot _ — cot 3 a 


cot # — 2" cat 3" 6, 91, ; E tan 3"”— 3 tan «| 


Sin? ra cosec a sec 2a, 


n 
5 [cot a cot =| : $4. cosec*x — cosec? 2"x. 
] _ 12n 
cae — tan @, : 7 
ga tan 2 6 n@ 96. tan Téa y 13° 
4n 

-1. ~1 

tan arene 98. tanh~! sm. 
. of 

- ©sin@ =, _, a sin 278 

tan Toweos6 "a8" cos 9°" 


ae e 6G 
5 sinh 6| coth pari ~ coth 5 | e 


ee eae Seer | 
jays Beri — 9 COE 3° 


e"* cos (sin 8 tan @) — 1. 


Cr re ee Te REL af ae 
re + ge [ce x) COS 5 ~ fom sin 3 |. 





g (v2 +1). 


X111 ANSWERS. 


sinh Asing +sinAsinh wp 
196 tans uh ye om 
coshicospz—cosAcosha 4’ where 
xis 


han 2 cos 5 


and p=7 J2sin =. 


139. 4 cosec? 2a — — cosec? oa : 


140, 5 cos? (2sin 9-1); unless @=2m, when the sum is 


T . . 
+ 3 according as ~ is even or odd. 


in (6 Qeor 
1 ron-l sin {@+ rae 


athe Sain: poy a 
re a — arcos (0+) 41 


a ae ) 
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